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TORIC TOPOLOGY OF THE COMPLEX GRASSMANN MANIFOLDS
VICTOR M. BUCHSTABER AND SVJETLANA TERZIC´
ABSTRACT. The family of the complex Grassmann manifolds Gn,k with the canonical action of
the torus T n = Tn and the analogue of the moment map µ : Gn,k → ∆n,k for the hypersimplex
∆n,k, is well known. In this paper we study the structure of the orbit space Gn,k/T
n by developing
the methods of toric geometry and toric topology. We use a subdivision of Gn,k into the strata
Wσ . Relying on this subdivision we determine all regular and singular points of the moment map
µ, introduce the notion of the admissible polytopes Pσ such that µ(Wσ) =
◦
Pσ and the notion of
the spaces of parameters Fσ , which together describeWσ/T
n as the product
◦
Pσ ×Fσ . To find the
appropriate topology for the set ∪σ
◦
Pσ ×Fσ we introduce also the notions of the universal space
of parameters F˜ and the virtual spaces of parameters F˜σ ⊂ F˜ such that there exist the projections
F˜σ → Fσ . Having this in mind, we propose a method for the description of the orbit spaceGn,k/T n.
The existence of the action of the symmetric group Sn on Gn,k simplifies the application of this
method. In our previous paper we proved that the orbit space G4,2/T
4, which is defined by the
canonical T 4-action of complexity 1, is homeomorphic to ∂∆4,2 ∗CP 1. We prove in this paper that
the orbit space G5,2/T
5, which is defined by the canonical T 5-action of complexity 2, is homotopy
equivalent to the space which is obtained by attaching the disc D8 to the space Σ4RP 2 by the
generator of the group pi7(Σ
4
RP 2) = Z4. In particular, (G5,2/G4,2)/T
5 is homotopy equivalent to
∂∆5,2 ∗ CP 2.
The methods and the results of this paper are very important for the construction of the theory
of (2l, q)-manifolds we have been recently developing, and which is concerned with manifoldsM2l
with an effective action of the torus T q, q ≤ l and an analogue of the moment map µ : M2l → P q,
where P q is a q-dimensional convex polytope.
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1. INTRODUCTION
There is a canonical action of the algebraic torus (C∗)n on the algebraic manifold Gn,k of all
k-dimensional complex vector subspaces L in the n-dimensional complex vector space Cn and,
consequently, an action of the compact torus T n = Tn ⊂ (C∗)n. The problems of the description
of these actions are well known and the interest in these problems is motivated by the classic and
modern problems of algebraic geometry, algebraic and equivariant topology, symplectic geometry
and enumerative combinatorics, see [11], [12], [13], [20], [19]. In the focus of our study is an
action of the torus T n on Gn,k. The manifolds Gn,k and Gn,n−k are equivariantly diffeomorphic,
so we can assume that k ≤ [n
2
]. There is an analogue of the moment map [12] for Gn,k whose
image is the hypersimplex ∆n,k. In the case when k = 1 we obtain the complex projective space
CP n−1, which is a fundamental example of a toric manifold and ∆n,1 is a simplex. For k ≥ 2 the
combinatorics of the polytope ∆n,k does not determine the structure of the orbit space Gn,k/T
n.
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Using the classical Plu¨cker coordinates for k-dimensional subspace L in Cn, we introduce (C∗)n-
equivariant subdivision of the manifold Gn,k by the strata Wσ, where σ runs through the set of
the so-called admissible subsets of the set {1, . . . , m}, where m =
(
n
k
)
. The disjoint union of all
Wσ/T
n gives a subdivision of the orbit space Gn,k/T
n. We want to emphasize that the strata we
introduce coincide with the known strata introduced, although by different methods, in the paper
of Gel’fand-Serganova [12]. The image of the moment map, when restricted to the stratum Wσ
is the interior of the admissible polytope Pσ, which is the convex hull of some subset of vertices
for ∆n,k. We prove that all points from Wσ have the same stabilizer C
∗
σ and describe the singular
and regular points for the moment map µ : Gn,k → ∆n,k. The orbit space Fσ = Wσ/(C
∗)n is an
algebraic manifold which we call the space of parameters forWσ. We consider the set E which is
defined as a disjoint union of the spaces
◦
Pσ ×Fσ, where σ runs through all admissible sets. The
canonical projectionsWσ →
◦
Pσ andWσ → Fσ define the homeomorphismWσ/T
n →
◦
Pσ ×Fσ and
we obtain the canonical bijection of the sets E → Gn,k/T
n.
In our approach the set E is the key object for the description of the structure of the orbit space
Gn,k/T
n and the key problem here is to introduce the topology on E in terms of Pσ and Fσ such
that the bijection E → Gn,k/T
n becomes a homeomorphism. In the realization of this approach
we essentially had to develop the methods of toric topology [5], [6]. In the case of a quasitoric
manifoldM2n, the orbit spaceM2n/T n is homeomorphic to the polytope P n, which is the image
of the moment map. Thus, the orbit space M2n/T n is determined by the combinatorial structure
of the polytope P n. In the case of Grassmann manifolds, the points from the orbit space Gn,k/T
n
are determined by the two coordinates, one from Pσ and the other from Fσ.
In order to equip the set E with an appropriate topology we introduce the new notions: the
universal space of parameters F˜ , which is an algebraic variety and, for any admissible set σ, the
virtual space of parameters F˜σ, such that there is the embedding F˜σ ⊂ F˜ and the projection
F˜σ → Fσ. We also introduce the set P which is a formal union of the admissible polytopes Pσ
and define the topology on P using the fact that the moment map Gn,k/T
n → ∆n,k decomposes
as Gn,k/T
n → P → ∆n,k. The set E which is a union of all spaces
◦
Pσ ×F˜σ inherits the topology
from the canonical embedding into the space P×F˜ . This yields a surjective mappingH : E → E,
which defines a topology on E.
We want to note that Kapranov in [15] considered the Chow quotient Gn,k/ (C
∗)n which is an
algebraic variety and proved that it can be identified with certain compactification of the space of
parameters F of the main stratum. Moreover, Kapranov proved that the Chow quotientGn,k/ (C
∗)n
is isomorphic to the Chow quotient (CP k−1)n/PGL(k). In the case when k = 2 and n = 5,
combining our results with the results of Kapranov [15] and Keel [18], we obtain here that the
Chow quotient (CP 1)5/PGL(2,C) coincides with our universal space of parameters F˜ . Inspired
by our results on description of F˜ for G5,2 presented in this paper, Klemyatin in [21] proved that
the universal space of parameters for Gn,2 coincides with the Chow quotient (CP
1)n/PGL(2,C).
This result is worthy of attention, since it implies that the universal space of parameters F˜ of the
Grassmann manifolds Gn,2 coincides with the well known moduli space M0,n of stable n-points
curves of genus zero which is a smooth compact algebraic variety, see [15].
Our approach gives a method to prove the following result:
Theorem 1.1. The orbit space Gn,2/T
n is a quotient space of the space E by an equivalence
relation defined by the mapH .
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The proof is technically complicated and to overcome difficulties we essentially use the fact that
the symmetric group Sn acts on the space Gn,2/T
n and that all our constructions are compatible
with this action. In our previous paper [7] we proved this result for n = 4 and reprove it here in
Example 11.6 . In this paper, we demonstrate the proof with all the details for n = 5.
In [7] it was also proved that the space G4,2/T
4 is homeomorphic to ∂∆4,2 ∗ CP
1.
The main consequences of the results of this paper are the following:
Theorem 1.2. There exists a continuous map (G5,2/T
5)/(G4,2/T
4)→ ∂∆5,2 ∗CP
2 which induces
an isomorphism in the integral homology groups and, thus, define a homotopy equivalence between
these spaces.
Theorem 1.3. The orbit spaceG5,2/T
5 is homotopy equivalent to the space obtained by attaching
the discD8 to the space Σ4RP 2 by the generator of the group π7(Σ
4RP 2) = Z4.
Note that the following fact has been used for the proof of Theorem 1.3. Any of the coordi-
nate embeddings Cn−1 → Cn gives the T n-equivariant embedding Gn−1,k → Gn,k such that the
complementGn,k \Gn−1,k can be identified with the space of the canonical vector bundle ηn−1,n−k
over the Grassmann manifold Gn−1,k−1. In this way we obtain the T n-pair (Gn,k, Gn−1,k) which
defines T n-action on the Thom space T (ηn−1,n−k). Furthermore, the corresponding orbit space
T (ηn−1,n−k)/T n is homeomorphic to the space obtained fromGn,k/T n by collapsingGn−1,k/T n−1
into the point. In particular, ∂∆5,2 ∗ CP
2 ∼= T (η4,3)/T
5.
We show that there exists a T n-equivariant smooth closed submanifold Sn,k inGn,k of codimen-
sion 1 and T n-equivariant projections π0 : Sn,k → Gn−1,k and π1 : Sn,k → Gn−1,k−1 such that the
following result holds.
Theorem 1.4. There exist projections πˆ0 : Sn,k/T
n → Gn−1,k/T n−1 and πˆ1 : Sn,k/T n →
Gn−1,k−1/T n−1 such that
Gn,k/T
n = (Sn,k/T
n × [0, 1]) ∪πˆ0 Gn−1,k/T
n−1 ∪πˆ1 Gn−1,k−1/T
n−1,
where [(s, 0)] ⋍ πˆ0[s] and [(s, 1)] ⋍ πˆ1[s].
We want to emphasize that this paper is important for our work on developing the theory of
(2l, q)-manifolds, [4], [8]. These are 2l-dimensional manifolds with an effective action of the
compact q-dimensional torus and an analogue of the moment map M2l → P q, where P q is a q-
dimensional polytope. Our aim is to develop the methods of toric topology which enabled us to
describe the action of the torus T q onM2l in terms of the combinatorics of P q and the structure of
the universal space of parameters F˜ of the dimension 2(l − q).
An important invariant of (2l, q)-manifolds is the complexity d(M2l, q) = l−q, which is equal to
zero for quasitoric manifolds. This notion is used in symplectic geometry, where the Hamiltonian
torus action of complexity 1 on a symplectic manifold is studied [16], [17], in algebraic geometry,
where the complexity is defined as a codimension of the principal orbit for the action of algebraic
torus [23], [26] and in equivariant topology [2], [3], [24].
The manifolds Gn,k represent a key family of (2l, q)-manifolds, where l = k(n − k) and q =
n−1. The complexity forGn,k is (k−1)(n−k−1) and, in this context, the spacesG4,2 andG5,2 are
of special importance, since they provide nontrivial examples of the manifolds whose complexity
is 1 and 2, respectively.
In our theory of (2l, q)-manifolds there are also other two important families. The first one is
the family of the complex flag manifolds F l(n) = U(n)/T n with the canonical action of the torus
T n and an analogue of the moment map µ : F l(n) → Pen−1, where Pen−1 is a permutahedron.
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For these manifolds l =
(
n
2
)
, q = n− 1 and d =
(
n−1
2
)
. The second one consists of the manifolds
CPN−1, N =
(
n
2
)
with the action of the torus T n which is given as a composition of the second
exterior power representation T n → TN and the standard action of TN onCPN−1, and an analogue
of the moment map µ : CPN−1 → ∆n,2. For these manifolds q = N−1, l = n−1 and d = N−n.
We proved that for (6, 2)-manifold F l(3) with d = 1 there is a homeomorphism F l(3)/T 3 ∼= S4
and for (10, 3)-manifoldCP 5 with d = 2 there is a homeomorphismCP 5/T 4 ∼= ∂∆4,2 ∗CP
2, [7].
The canonical action of the algebraic torus (C∗)n on the manifold Gn,k enables us to assign to
each point from Gn,k a toric variety, that is the closure of (C
∗)n-orbit of this point. It naturally
arises the problem: classify, up to an algebraic equivalence, all such toric varieties. In [7] this
problem was solved for G4,2, while in the current paper it is solved for the manifold G5,2. In [22]
in the frame of this problem, all such smooth toric subvarieties in the Grassmann manifodGn,k are
described for any n and k. The next natural step in this direction would be the question: classify
all such toric subvarieties in Gn,k whose singularities are only the fixed points. An answer to this
question for the case G4,2 and G5,2 is given in [7] and in current paper, respectively.
Acknowledgment. We are grateful to Anton Ayzenberg, Alexander Gaifullin, Nikita Klemyatin,
Yael Karshon, Mikiya Masuda, Taras Panov and Hendrik Su¨ss for useful and fruitful discussions
on the results of this paper.
2. THE CANONICAL ACTION OF T n ON Gn,k
The complex Grassmann manifolds Gn,k = Gn,k(C) consist of all k-dimensional complex sub-
spaces in Cn. The manifolds Gn,k and Gn,n−k are diffeomorphic. For the standard scalar product
in Cn there is the canonical diffeomorphism cnk : Gn,k → Gn,n−k which sends any k-dimensional
subspace of Cn sends to its orthogonal complement. The coordinate-wise action of the compact
torus T n on Cn induces the canonical action of T n on Gn,k. The canonical diffeomorphism cnk is
equivariant for this action. One of the well known and important problems is the description of the
combinatorial structure and algebraic topology of the orbit space Gn,k/T
n ∼= Gn,n−k/T n.
Example 2.1. The manifold Gn,1 = CP
n−1 is a toric manifold and its orbit space Gn,1/T n is
homeomorphic to the standard simplex∆n−1 in Rn.
2.1. Plu¨cker coordinates. Let us fix a basis in Cn and fix a basis in L ∈ Gn,k. In these base, L
can be be represented by the (n×k) - matrixAL. Denote by P
I(AL) a (k×k) - minor ofAL, which
is determined by the rows indexed by the elements of I , where I ⊂ {1, . . . , n} such that |I| = k.
The complex numbers (P I(AL)), where I runs through all subsets of {1, . . . n} such that |I| = k,
are known as the Plu¨cker coordinates of the subspace L ⊂ Cn. The Plu¨cker coordinates (P I(L))
are defined uniquely, up to common scalar, and they give the Plu¨cker embedding Gn,k → CP
N−1,
N =
(
n
k
)
which is defined by
(1) L→ P (L) = (P I(AL)), I ⊂ {1, . . . n}, |I| = k
The Plu¨cker embedding providesGn,k with the structure of a complex k(n− k)-dimensional alge-
braic projective manifold.
Example 2.2. The image of the Plu¨cker embedding of G4,2 in CP
5 is the hypersurface
z12z34 + z14z23 = z13z24.
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Example 2.3. The image of the Plu¨cker embedding of G5,2 in CP
9 is the intersection of the five
hypersurfaces:
z12z34 + z14z23 = z13z24, z12z35 + z15z23 = z13z25,
z12z45 + z15z24 = z14z25, z13z45 + z15z34 = z14z35, z23z45 + z25z34 = z24z35.
Example 2.4. The image of the Plu¨cker embedding of Gn,2, n ≥ 4 in CP
N−1, N =
(
n
2
)
is the
intersection of the
(
n
4
)
quadratic hypersurfaces:
zijzkl + zjkzil = zikzjl, 1 ≤ i < j < k < l ≤ n.
Remark 2.5. Note that the normal bundle for Gn,2 in CP
N−1 is a complex vector bundle of the
dimension
(
n−2
2
)
. Thus, for n > 4 we have the algebraic manifold Gn,2 ⊂ CP
N−1 without
singularities, which is not a complete intersection.
Let ρn,k : T
n → TN , N =
(
n
k
)
be a representation given by the k-th exterior power
(t1, . . . , tn)→ (t1 · · · tk, . . . , tn−k+1 · · · tn).
Consider the action of T n on CPN−1, N =
(
n
k
)
, which is given as a composition of the standard
action of TN on CPN−1 and the representation ρn,k. It directly follows:
Lemma 2.6. The Plu¨cker embedding
T n y Gn,k
ρn,k
→ CPN−1 x T n
is equivariant for the canonical action of T n on Gn,k and the k-th exterior power action of T
n on
CPN−1.
The standard moment map µ : CPN−1 → ∆N−1 ⊂ RN for TN -action on CPN is given by
µ(z) =
1
|z|2
(|z1|
2, . . . , |zN |
2),
where z = (z1 : . . . : zN ), |z|
2 =
N∑
i=1
|zi|
2 and ∆N−1 is the standard simplex. In this way it is
defined the map
µ ◦ ρn,k : Gn,k → ∆
N−1.
2.2. Moment map. Let Rn be n-dimensional real vector space with a fixed basis. The weight
vectors of the representation ρn,k are:
ΛI ∈ Z
n ⊂ Rn, (ΛI)j = 1 for j ∈ I, (ΛI)j = 0 for j /∈ I,
where I ⊂ {1, . . . , n}, |I| = k. In other words, ΛI has 1 at k places and it has 0 at the other
(n− k) places.
The moment map µ : Gn,k → R
n, see [20], [12] is defined by
(2) µ(L) =
1
|P (L)|2
∑
|P I(AL)|
2ΛI , |P (L)|
2 =
∑
|P I(AL)|
2,
where ΛI ∈ R
n, (ΛI)j = 1 for j ∈ I , (ΛI)j = 0 for j /∈ I and the sum goes over all subsets
I ⊂ {1, . . . , n}, |I| = k.
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2.3. Hypersimplex. The image of µ is the polytope which is obtained as the convex hull of the
vectors ΛI . This polytope is known as the hypersimplex and it is denoted by∆n,k. More precisely,
∆n,k = I
n ∩ {(x1, . . . , xn) ∈ R
n,
n∑
i=1
xi = k}.
It follows that∆n,k belongs to the hyperplane x1 + · · ·+ xn = k in R
n which implies that ∆n,k is
a (n− 1)-dimensional polytope.
Example 2.7. ∆n,1 is the standard simplex∆
n−1, while∆4,2 is the octahedron.
The hypersimplex ∆n,k has
(
n
k
)
vertices, 2n facets and k(n − k) edges meet at every vertex.
The set of facets for ∆n,k can be expressed as a union of n copies of ∆n−1,k and n copies of
∆n−1,k−1, [27]. We shortly describe how these facets arise from the Grassmannian Gn,k.
The embeddings iq : C
n−1 → Cn, iq(z1, . . . , zn−1) = (z1, . . . zq−1, 0, zq, . . . , zn−1), 1 ≤ q ≤
n − 1 are equivariant for the coordinate-wise torus action and they induce the embeddings i˜g :
Gn−1,k → Gn,k and iˆq : Gn−1,k−1 → Gn,k for any n ∈ N, whose images we denote by Gn−1,k(q)
andGn−1,k−1(q), respectively. These embeddings are equivariant for the corresponding embedding
of the standard tori which implies that they are compatible with the moment map. Therefore they
induce the embeddings
∆n,k−1(q)→ ∆n+1,k and ∆n,k(q)→ ∆n+1,k, 1 6 q 6 n+ 1.
It is straightforward to see that∆n−1,k(q) ⊂ Inxq=0,∆n−1,k−1(q) ⊂ I
n
xq=1, and∆n−1,k(q),∆n−1,k−1(q)
belong to the boundary of ∆n,k for all 1 ≤ q ≤ n.
Remark 2.8. We note that the set of vertices for∆n,k decomposes into two subsets according to the
formula
(
n
k
)
=
(
n−1
k
)
+
(
n−1
k−1
)
. There are n such decompositions given by the pairs (∆n−1,k(q),∆n−1,k−1(q)),
1 6 q 6 n. In this way we obtain the combinatorial structure on the sphere Sn−2. The symmetric
group Sn is a symmetry group for this structure. More precisely this combinatorial structure is
given by the orbit of the pair
(
∆n−1,k(1),∆n−1,k−1(1)
)
by an action of the group Sn .
2.4. Admissible polytopes and strata. Using Plu¨cker coordinates it can be defined a smooth atlas
on Gn,k. The charts are given byMI = {L ∈ Gn,k : P
I(L) 6= 0}, I ⊂ {1, . . . , n}, |I| = k and the
homeomorphisms uI : MI → C
k(n−k)) are constructed as follows. Any L ∈ MI can be uniquely
represented by the (n×k)-matrix AL whose submatrix, determined by the rows indexed by I is an
identity matrix. In this way, the matrix AL has k(n− k)-variables aij(L) and the homeomorphism
uI : MI → C
k(n−k) is given by uI(L) = (aij(L)), where i /∈ I . It can be easily seen that any chart
MI contains exactly one fixed point given by the element L such that ui(L) = 0 ∈ C
k(n−k). The
number of charts is m =
(
n
k
)
and it coincides with the number of fixed points for the canonical
T n-action on Gn,k . The charts MI are open, T
n invariant and dense sets in Gn,k. It follows that
the sets YI = Gn,k \MI are closed and T
n-invariant.
Let us enumerate the charts as (MI1 , uI1), . . . , (MIm, uIm). Define the spaces Wσ, where σ =
{I1, . . . , Il} and Ii ⊂ {1, . . . , n} such that |Ii| = k, 1 ≤ i ≤ l and 1 ≤ l ≤ m, by
(3) Wσ = MI1 ∩ · · ·MIl ∩ YIl+1 ∩ · · ·YIm,
where {Il+1, . . . , Im} = {I1, . . . , Im} \ {I1, . . . , Il}. More precisely,
(4) Wσ = {L ∈ Gn,k : P
I(L) 6= 0 for I ∈ σ and P I(L) = 0 for I /∈ σ},
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Definition 2.9. A non-empty spaceWσ is said to be the stratum . The index set σ of a stratumWσ
is said to be an admissible set.
Definition 2.10. The stratum Wσ = MI1 ∩ · · · ∩MIm , where σ = {I1, . . . , Im} we call the main
stratum and denote byW .
We denote by A the set of all admissible sets.
Lemma 2.11. For σ = {I},Wσ is a fixed point.
Proof. In this case, any element L ∈ Wσ can be represented by the matrix A such thatAI = Id and
any k× k-minor of A different from that one given by AI is zero. This implies that all elements of
A apart from AI are zero, which implies thatWσ consists of one element that is a fixed point. 
Lemma 2.12. The strataWσ for Gn,k are disjoint subspaces which are T
n-invariant and give the
equivariant subdivision Gn,k = ∪σWσ.
From the definition of the moment map it follows that µ(Wσ) =
◦
Pσ, where Pσ is the convex hull
of the points ΛI1, . . . ,ΛIl and σ = {I1, . . . , Il}. In particular for l = 1 it holds µ(Wσ) = ΛI .
Definition 2.13. A polytope Pσ in ∆n,k, whose interior is the image of the stratum Wσ by the
moment map that is µ(Wσ) =
◦
P σ is called the admissible polytope.
2.5. (C∗)n-action on Gn,k. The canonical action of T n on Gn,k extends to a canonical action of
the algebraic torus (C∗)n on Gn,k. The strata we Wσ are invariant for the action of the algebraic
torus (C∗)n as well.
Definition 2.14. The space Fσ = Wσ/(C
∗)n is called the space of parameters of the stratumWσ.
The space of parameters of the main stratum W is denoted by F = Fn,k. We will omit the
indices n, k when it is clear from the context that the word is about the main stratum.
The moment map µ : Gn,k → ∆n,k relates the (C
∗)n-orbits onGn,k and some polytopes in∆n,k.
More precisely, the classical convexity theorem of [1], [10] states:
Theorem 2.15. Let OC(L) be an orbit of an element L ∈ Gn,k under the canonical action of
(C∗)n. Then µ(OC(L)) is a convex polytope in Rn whose vertex set is given by {ΛI |P I(L) 6= 0}.
The mapping µ gives a bijection between p-dimensional orbits of the group (C∗)n in OC(L) and
p-dimensional open faces of the polytope µ(OC(L)).
The closure OC(L) is a toric variety for any L ∈ Gn,k. This toric variety is a smooth manifold
depending if the corresponding admissible polytope is a simple polytope or not. A natural question
is to describe the singularities of these toric varieties. It is done in [7] for the case of G4,2, while in
this paper we do it for G5,2 by Theorem 4.9.
Remark 2.16. A notion of the stratum in Gn,k is defined in [12], [13] by different methods in three
equivalent ways. By the one of these definitions two points L1, L2 ∈ Gn,k are said to belong to the
same stratum in Gn,k if
µ(OC(L1)) = µ(OC(L2)).
In other words, by [12] the stratum in Gn,k consists of all (C
∗)n-orbits which are mapped by the
moment map to the same polytope in ∆n,k. It is straightforward to verify that our definition of
strata is equivalent to this definition.
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Remark 2.17. We want to note that our approach to the notion of strata given by (3) is more
general since it does not use the existence of (C∗)n-action on Gn,k, which extends T n-action. This
approach is fundamental for developing the theory of (2l, q)-manifolds.
2.6. The space of parameters of the main stratum. Let us consider the main stratumW ⊂ Gn,k
and a pointL ∈ W . The subspaceL can be described by a matrix and this matrix can be considered
as n- tuple of k-dimensional vectors. Any k vectors from this n-tuple define the Plu¨cker coordinate,
which is non-zero, and, therefore, these vectors are linearly independent. In this way, we obtain
the map W → (Ck \ 0)n/GL(k,C). This map is invariant for (C∗)n-action and it induces an
embedding
(5) F = W/(C∗)n → (CP k−1)n/PGL(k,C).
Note that this map plays an important role in [15].
Let k = 2 andWn,2 = {((z1 : z
′
1), . . . , (zn : z
′
n)) ∈ (CP
1)n | (zi : z
′
i) 6= (zj : z
′
j)}.
Lemma 2.18. The projective group PGL(2,C) acts freely onWn,2 and F ∼=Wn,2/PGL(2,C).
Proof. The matrices which represent the elements from the main stratum in Gn,2 are characterized
by the condition that all their (2 × 2)-minors are non-zero. This condition is equivalent to the
condition that the image of the mapW → (C2 \0)n/GL(2,C) consists of n-tuples of pairs, which
are pairwise non-collinear. It implies that F ∼=Wn,2/PGL(2,C). 
It is a classical result thatW3,2/PGL(2,C) is a point. For arbitrary n we prove:
Proposition 2.19. The space of parameters F is homeomorphic to
(CP 1)n−3 \Gn, Gn = (∪
n
j=1(A×j (CP
1)n−1)) ∪ (∪1≤i<j≤n∆i,j(CP
1)),
where A = {(1 : 0), (0 : 1), (1 : 1)}, A×j (CP
1)n−1 = CP 1×· · ·×CP 1×
j
A ×CP 1×· · ·×CP 1
and∆i,j(CP
1) ⊂ (CP 1)n−3 is given by the diagonal on i-th and j-th factor.
Proof. It follows from Lemma 2.18 that F ∼= Wn,2/PGL(2,C). Let (z1, . . . , zn) ∈ Wn,2. Since
any three different points z1, z2, z3 in CP
1 produce a projective basis for CP 1, there is a unique
homography defined by z1 → (1 : 0), z2 → (0 : 1) and z3 → (1 : 1). Then the mapping
Wn,2 → (CP
1)n−3 is given by the cross-ratio zi → [z1, z2, z3, zi] of the points z1, z2, z3, zi. It
implies thatWn,2/PGL(2,C) ∼= {(z4, . . . , zn) ∈ (CP
1)n−3, zi /∈ A, zi 6= zj}, which proves the
statement. 
Corollary 2.20. F4,2 is homeomorphic toCP
1\A and F5,2 is homeomorphic to (CP
1×CP 1)\G5,
where G5 = (A× CP
1) ∪ (CP 1 × A) ∪∆1,2(CP
1).
Remark 2.21. The space F5,2 is a two-dimensional open algebraic manifold. In order to describe
the orbit spaceG5,2/T
5 it is necessary to find a compactification of the space F5,2 that corresponds
to the compactification of the orbit space of the main stratumW/T 5 in G5,2/T
5.
Proposition 2.22. The non-point space of parametersFσ of a stratumWσ inGn,2, which is different
from the main stratum, can be embedded in (CP 1)l for 1 ≤ l ≤ n− 4.
Proof. SinceWσ is not the main stratum its points have at least one common zero Plu¨cker coordi-
nate. It implies that at least two rows in the matrix representing a point of this stratum are collinear.
Note that the condition that Fσ is not a point implies that the matrices which represent Wσ must
have at least four rows such that any two of them are non-collinear. Therefore, Wσ/(C
∗)n can be
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embedded in (CP 1)s/PGL(2,C), 4 ≤ s ≤ n − 1, which implies that Fσ can be embedded in
(CP 1)s−3. 
2.7. Action of the symmetric group Sn. The symmetric group Sn acts on C
n by permuting co-
ordinates. This action induces the action of Sn on Gn,k.
The Sn-action on Gn,k can be interpreted as a Sn-action on the corresponding (n× k)- matrices
AL, which is given by the permutation of the rows. It implies that L1, L2 ∈ Gn,k has the same non-
zero Plu¨cker coordinates if and only if s(L1), s(L2) has the same non-zero Plu¨cker coordinates for
any s ∈ Sn. In other words L1, L2 belong to the same stratum if and only if s(L1), s(L2) belong
to the same stratum, for any s ∈ S5. Therefore the group Sn acts on the set of all strata for Gn,k.
Since this action is equivariant relative to the action of the torus (C∗)n, we deduce:
Lemma 2.23. The canonical action of Sn on Gn,k induces an Sn- action on the set of admissible
polytopes and the set of spaces of parameters of the strata by s(Pσ) = µ(s(Wσ)) and s(Fσ) =
s(Wσ)/(C
∗)n.
Lemma 2.24. The strataWσ and s(Wσ) belongs to the same number of charts for any stratumWσ
and any s ∈ Sn. Consequently, the admissible polytopes Pσ and s(Pσ) have the same number of
vertices.
Proof. The statement directly follows from the fact that the strata Wσ and s(Wσ) have the same
number of non-zero Plu¨cker coordinates and that the vertices of an admissible polytope are deter-
mined by the non-zero Plu¨cker coordinates of the corresponding stratum. 
We elaborate this action in more detail. Let S[n] be the power set of {1, . . . , n}. Then Sn acts on
S[n] and |σ| = |s(σ)| for s ∈ Sn, σ ∈ S[n]. It implies that Sn acts on the setW (p) = {Wσ, |σ| =
p} for any fixed p, 1 ≤ p ≤ N . Put mp = |W (p)| and let Sσ(p) be a subgroup of Sn, which is a
stabilizer forWσ, whereWσ ∈ W (p).
If the orbit Sn(Wσ) coincides withW (p), thenmp =
n!
|Sσ(p)| and there is one Sn-generatorWσ1p
for W (p). Otherwise, Sn acts on W (p)\Sn(Wσ1p ), we repeat the argument and obtain the next
generatorWσ2p . In this way we obtain the set of generatorsWσ1p , . . . ,Wσqp .
Definition 2.25. The strata Wσip , 1 ≤ i ≤ q are said to be the fundamental strata for a given p,
where q = qp.
From the description of the fundamental strata we obtain:
mp =
q∑
i=1
n!
|Sσip (p)|
,
Corollary 2.26. There exist integer functionsmp, qp : [1, N ] → Z, N =
(
n
k
)
which are invariants
for T n-action on Gn,k.
Definition 2.27. Admissible polytopes which correspond to the fundamental strata are called the
fundamental polytopes.
Thus, any admissible polytope can be obtained by the action of the group Sn on some of the
fundamental polytopes.
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2.8. The T n-action on the Thom spaces. We show that the canonical torus action on the complex
Grassmann manifolds induces a torus action on the corresponding Thom spaces. Denote by ξn,k
and ηn,n−k the canonical complex vector bundles overGn,k, where dimC ξn,k = k, dimC ηn,n−k =
n− k. Moreover, it holds ξn,k ⊕ ηn,n−k = n(1).
Put E1,q = Gn,k\Gn−1,k−1(q) and E2,q = Gn,k\Gn−1,k(q). An T n-equivariant projection π1,q :
E1,q → Gn−1,k is defined using the following observation. If L ∈ E1,q then L does not contain the
coordinate vector eq which implies that the retraction rq : C
n → Cn−1zq=0 maps L to a k-dimensional
subspace in Cn−1. Thus, π1,q(L) ∈ Gn,k is defined by rq(L).
We define a T n-equivariant projection π2,q : E2,q → Gn−1,k−1 as the following composition:
E2,q
cn,k
−→ Gn,n−k\Gn−1,n−k−1
π1,q
−→ Gn−1,n−k
cn−1,n−k
−→ Gn−1,k−1.
We obtain the following,( cf [14]):
Proposition 2.28. The equivariant projection π1,q : E1,q → Gn−1,k can be identified with the T n-
vector bundle ξn−1,k → Gn−1,k, while the equivariant projection π2,q : E2,q → Gn−1,k−1 can be
identified with the T n-vector bundle ηn−1,n−k → Gn−1,k−1.
Proof. The homeomorphism ξn−1,k → E1,q is defined by
(x ∈ L, L)→ Aq(x, L) =
(
Ax
AL
)
where AL is an ((n−1)×k)-matrix of the subspace L in a fixed basis and Ax is an k-vector which
represents the vector x in this basis. The notation Aq(x, L) means that the vector Ax is inserted
as an q-th row of the matrix consisting of the matrices AL and Ax. Then the subspace L ⊂ C
n
determined by the matrix Aq(x, L) does not contain the coordinate vector eq.

Corollary 2.29. For any q, 1 6 q 6 n there are two T n-pairs (Gn,k, Gn−1,k−1(q))
and (Gn,k, Gn−1,k(q)) which define T n-spaces Xn,k(q) = T (ξn−1,k) and Yn,k(q) = T (ηn−1,n−k)
that is the Thom spaces for ξn−1,k and ηn−1,n−k.
Proof. SinceE1,q = Gn,k\Gn−1,k−1(q) is homeomorphic to ξn−1,k it follows thatGn,k/Gn−1,k−1(q)
is homeomorphic to the Thom space T (ξn−1,k). An action of T n on T (ξn−1,k) is given by
T n · (x, L) = T n · Aq(x, L) = Aq(T
1x, T n−1L) =
(
T 1 · Ax
T n−1 · AL
)
where T 1 = T 1(q) is a subgroup of T n given by z → (z, . . . , z, 1q, z, . . . , z) and T
n−1 = T n/T 1.

Note that a continuous action of a group G on a topological space X induces the G-action
on the quotient space X/Y for any G-invariant subspace Y ⊂ X . Moreover, (X/Y )/G ∼=
(X/G)/(Y/G). Therefore, the previous Corollary implies:
Corollary 2.30. The orbit spaces of the Thom spacesXn,k(q) = T (ξn−1,k) and Yn,k(q) = T (ηn−1,n−k)
by the T n-action are homeomorhic to the quotient spaces (Gn,k/T
n)/(Gn−1,k−1/T n−1) and (Gn,k/T n)/(Gn−1,k/T n−1)
respectively.
Since Gn−1,1 = CP n−2 and CP n−2/T n−2 ∼= ∆n−2, one has:
Corollary 2.31. The orbit space Xn,2(q)/T
n is homotopy equivalent to Gn,2/T
n.
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In particular, since [7] gives that G4,2/T
4 ∼= S5 , one has
Corollary 2.32. The orbit spacesX4,2(q)/T
4 and Y4,2(q)/T
4 are homotopy equivalent to S5.
3. ORBIT SPACES OF THE STRATA
It is known that Gn,k/(C
∗)n is a non-Hausdorff topological space [11] for the topology induced
from Gn,k. We prove that the spaces of parameters Fσ as well as the orbit spacesWσ/T
n are much
better behaved.
The charts MI are invariant under the action of (C
∗)n and this action via homeomorphism uI :
MI → C
k(n−k) induces an action of (C∗)n on Ck(n−k). For I = {1, . . . , k} this induced action is
given as follows:

t1 . . . 0
0 t2 . . . 0
...
. . .
...
0 . . . tk
tk+1ak+11 . . . tk+1ak+1k
...
...
tnan1 . . . tnank


=


1 . . . 0
0 1 . . . 0
...
. . .
...
0 . . . 1
tk+1
t1
ak+11 . . .
tk+1
tk
ak+1k
...
...
tn
t1
an1 . . .
tn
tk
ank


.
Let us consider a representation (C∗)n → (C∗)k(n−k) defined by
(t1, . . . , tn)→ (
tk+1
t1
, . . . ,
tk+1
tk
, . . . ,
tn
t1
, . . . ,
tn
tk
).
Put τi =
tk+1
ti
for 1 ≤ i ≤ k and τk+i =
tk+i+1
t1
for 1 ≤ i ≤ n− k − 1. It holds tp
ts
=
τp−1τs
τ1
for any
k + 2 ≤ p ≤ n and 1 ≤ s ≤ k. In this way, the representation of the torus (C∗)n in (C∗)k(n−k) is
given by:
(6)
(τ1, . . . , τn)→ (τ1, . . . , τk, τk+1,
τk+1τ2
τ1
, . . . ,
τk+1τk
τ1
, τk+2,
τk+2τ2
τ1
, . . .
τk+2τk
τ1
, . . . , τn,
τ2τn
τ1
, . . .
τnτk
τ1
).
It follows that the action of the torus (C∗)n on Ck(n−k) in a local chart for Gn,k is given as a
composition of the representation (6) and the standard action of the torus (C∗)k(n−k) on Ck(n−k).
3.1. Orbits of (C∗)k-action on Cn. In order to describe the action of the algebraic torus (C∗)n
locally in the charts for Gn,k we consider more general situation.
Assume it is given an action of the torus (C∗)k on Cn as a composition of a representation
ρ∗ : (C∗)k → (C∗)n and the standard action of (C∗)n on Cn. The representation ρ∗ induces the
representation ρ : T k → T n which can be written as ρ = (ρ1, . . . , ρn), where ρj : T
k → S1,
1 ≤ j ≤ n are homomorphisms. The characters ρj can be further written as ρj(t1, . . . , tk) =
ρj(e
2π
√−1x1 , . . . , e2π
√−1xk) = e2π
√−1∑ki=1 αijxi for some (α1j , . . . , α
k
j ) ∈ Z
k. The vectors Λj =
(α1j , . . . , α
k
j ), 1 ≤ j ≤ n are known to be the weight vectors of the representations ρ and ρ
∗.
Let us fix some subset J = {j1, . . . , jl} ⊆ {1, . . . , n} and put
C
J = {(z1, . . . , zn) ∈ C
n|zj 6= 0, j ∈ J, zj = 0, j /∈ J}.
The coordinate subspaces CJ are (C∗)k-invariant and Cn = ∪JCJ .
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Denote by V J a matrix given by the weight vectors Λj , j ∈ J . This matrix defines a linear map
fJ : R
k → R|J | such that fJ(Zk) is a direct summand in Z|J |. Let q = rankV J .
Lemma 3.1. The points fromCJ have the same stabilizer (C∗)kJ ⊆ (C
∗)k, where (C∗)kJ = (C
∗)k−q,
that is (C∗)q acts freely on CJ .
Proof. The stabilizer of a point z ∈ CJ is given by the intersection of the kernels of the characters
ρj , j ∈ J . It is a subgroup (C
∗)kJ ⊆ (C
∗)k, and since we assume that q = rankV J , we obtain that
(C∗)kJ = (C
∗)k−q. 
Corollary 3.2. If l = |J | = q, then CJ is an Ck-orbit.
Let us consider now the case when q < l = |J |. We apply standard procedure for the description
of the (C∗)k-orbit of a point from CJ .
• Let L be a lattice in Zl spanned by fJ(Λ
j), j ∈ J .
• There exists a unique integral lattice Lˆ in Zl which is orthogonal to L.
• By fixing a basis in Lˆ we obtain the matrix Vˆ J of the dimension l × (l − q). Denote its
elements by ωji ∈ Z, 1 ≤ i ≤ l, 1 ≤ j ≤ l − q.
Let us consider an algebraic map FJ : (C
∗)J → (C∗)l−q given by
(7) (zj1 , . . . , zjl)→ (z
ω1
1
j1
· · · z
ω1
l
jl
, . . . , z
ω
l−q
1
j1
· · · z
ω
l−q
l
jl
).
Since the lattice Lˆ is orthogonal to L we obtain:
Lemma 3.3. An algebraic map FJ : (C
∗)J → (C∗)l−q is (C∗)k-invariant, whereCl−q is considered
with trivial (C∗)k-action.
Corollary 3.4. The set of preimages F−1J (c), where c = (c1, . . . , cl−q) ∈ (C
∗)l−q gives the set of
all (C∗)k-orbits in CJ .
The characters of the representation ρ : T n → T k(n−k) which is given by (6), are:
(8) ρk+1,i(τ1, . . . , τn) = τi, 1 ≤ i ≤ k,
ρi,1(τ1, . . . , τn) = τi, k + 1 ≤ i ≤ n,
while for {p, s} 6= {k + 1, i}, {i, 1}, we obtain
ρp,s =
τp−1τs
τ1
, 2 ≤ s ≤ k, k + 2 ≤ p ≤ n.
It follows that the weight vectors for the representation ρ : T n → T k(n−k) are given by
Λk+1,i = (0, . . . 0, 1︸︷︷︸
i
, 0, . . . , 0), 1 ≤ i ≤ k,
Λi,1 = (0, . . . , 0, 1︸︷︷︸
i
, 0, . . . , 0), k + 1 ≤ i ≤ n,
Λp,s = (−1, 0 . . . , 0, 1︸︷︷︸
p−1
, 0, . . . , 0, 1︸︷︷︸
s
, 0, . . . , 0), {p, s} 6= {k + 1, l}, {l, 1}.
Let us consider a stratum Wσ and assume that Wσ ⊂ MI , where without loss of generality
we can take that I = {1, . . . , k}. We obtain the coordinate map uI : Wσ → C
k(n−k) given by
uI(X) = (z1, . . . , zk(n−k)). Note first the following: if zi = 0 for some X0 ∈ Wσ then zi = 0 for
all X ∈ Wσ. Namely, in the notation of Subsection 2.4, let zi = aps for some k + 1 ≤ p ≤ n and
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1 ≤ s ≤ k. Put Iˆ = (I − {s}) ∪ {p}. Then P Iˆ(X0) = 0, so the definition of Wσ implies that
P Iˆ(X) = 0 for all X ∈ Wσ. This further implies that zi = 0 for all X ∈ Wσ.
Therefore, we may assume that
uI(Wσ) ⊆ C
J = {(z1, . . . , zk(n−k)) ∈ Ck(n−k), zi 6= 0, i ∈ J, zi = 0, i /∈ J}.
Lemma 3.1 implies:
Proposition 3.5. All points of a stratumWσ in Gn,k have the same stabilizer C
∗
σ ⊂ (C
∗)n.
A stratum Wσ is by definition invariant for the action of the algebraic torus (C
∗)k. Denote by
Ij1, . . . , Ijd ⊂ {1, . . . , k + 1}, |Iji| = k such subsets that P
Iji (X) = 0 for all X ∈ Wσ. Note that
the conditions P Iji (X) = 0 impose relations on (z1, . . . , zk(n−k)) ∈ uI(Wσ), which we denote by
P IiJ (z1, . . . , zk(n−k)) = 0.
It follows that uI(Wσ) is:
• either the whole CJ ,
• or the intersection of the set of all (C∗)k -orbits in CJ with the surfaces which are defined
by the equations imposed by those Plu¨cker coordinates which are zero for the points of
Wσ:
uI(Wσ) =
{
F−1J (c), c = (c1, . . . , cl−q) ∈ (C
∗)l−q
P IiJ (z1, . . . , zk(n−k)) = 0, i = 1, . . . , d.
Here l and q are as in the previous paragraph.
As a result we obtain a family of algebraic surfaces which are parametrized by Fσ,I ⊆ (C
∗)l−q.
Here Fσ,I = {c ∈ (C
∗)l−1|F−1J (c) ∩ {(z1, . . . , zk(n−k))|P
Ii
J (z1, . . . , zk(n−k)) = 0, i = 1, . . . , d} 6=
∅} is an open algebraic manifold. Any of these surfaces is, by Lemma 3.1, an (C∗)q-orbit. Accord-
ing to [1], this orbit maps by the moment map to
◦
Pσ. In this way, we obtain thatWσ/(C
∗)n = Fσ
is homeomorphic to Fσ,I and that the map µ̂ : Wσ/T
n →
◦
Pσ is a fiber bundle with the fiber either a
point either Fσ,I ⊆ (C
∗)l−q.
Thus, we proved:
Theorem 3.6. The map µˆ : Wσ/T
n →
◦
P σ is a locally trivial fiber bundle whose fiber is an open
algebraic manifold Fσ. Thus,Wσ/T
n ∼=
◦
P σ ×Fσ .
We want to emphasize that the trivialization stated in Theorem 3.6 is canonical:
Proposition 3.7. There is the canonical trivialization hσ : Wσ/T
n →
◦
Pσ ×Fσ.
Proof. The space of parameters Fσ is defined by Fσ = Wσ/(C
∗)n, so denote by pσ : Wσ/T n → Fσ
the canonical projection. It follows that the map hσ : Wσ/T
n →
◦
Pσ ×Fσ defined by hσ = (µˆ, pσ)
is a canonical homeomorphism. 
We use the notation h : W/T n →
◦
∆n,k ×F for the canonical trivialization of the main stratum.
3.2. On singular and regular values of the moment map. . Let us consider an effective action
of the algebraic torus (C∗)n−1 on Gn,k. We want to prove that a regular point of the moment map
µ : Gn,k → ∆n,k is determined by the non-triviality of its stationary subgroup. In order to do that
we consider more general situation.
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Let us consider the complex projective space CPN , where N =
(
n
k
)
− 1 endowed with an
action of the torus T n which is given by a composition of the k-th exterior power representation
ρ : T n → TN+1 and the canonical action of TN+1 on CPN . This action extends to an action of
the algebraic torus (C∗)n. Let ΛI ∈ Zn denote the weight vectors of the representation ρ, where
I ∈
(
n
k
)
. More precisely ΛiI = 1 for i ∈ I , while Λ
i
I = 0 for i /∈ I . Then the moment map
µ : CPN → Rn for the considered T n action on CPN is given by
(9) µ([zI , I ∈
(
n
k
)
]) =
1∑
I∈(nk)
|zI |2
∑
I∈(nk)
|zI |
2ΛI .
We want to determine the rank of the differential dµ at an arbitrary point z = [zI ] ∈ CP
N . Let Pz
denote a polytope which is the convex span of those vectors ΛI such that zI 6= 0.
Theorem 3.8. The rank of the differential of the moment map µ : CPN → Rn given by (9) is
(10) rk dµ(z) = dimPz
for an arbitrary point z ∈ CPN .
Proof. We first note that the map µ is T n-invariant and that the image of µ is the hypersimplex
∆n,k. This implies that rk dµ ≤ n− 1 for any z ∈ CP
N . We also note that the map µ : O(z)→
◦
P z
is a smooth fiber bundle for the (C∗)n-orbit O(z) of a point z, where
◦
Pz is an interior of the
polytope Pz. It implies that the rank of the differential dµ at a point z is ≥ dimPz. Therefore, we
differentiate the following cases for the point z:
• If zI 6= 0 for all I ∈
(
n
k
)
then
◦
Pz=
◦
∆n,k and rk dµ(z) = n− 1.
• Let {I1, . . . , Il} denote the set of those I for which zIj = 0, while zI 6= 0 for I /∈
{I1, . . . Il}. Fix a chart in CP
N determined by the condition that the coordinate indexed by
a fixed Ip /∈ {I1, . . . Il} is not zero. Then the point z belongs to this chart and the moment
map µ, in local coordinates of this chart, is given by
µ([zI , I ∈
(
n
k
)
\ Ip]) =
1
1 +
∑
I 6=Ip |zI |
2
(ΛIp +
∑
I 6=Ip
|zI |
2ΛI).
Let zI = xI + iyI . It follows that
∂µ
∂xI0
=
1
(1 +
∑
I 6=Ip |zI |
2)2
(
2xI0(1 +
∑
I 6=Ip
|zI |
2)ΛI0 − 2xI0(ΛIp +
∑
I 6=Ip
|zI |
2ΛI)
)
and
∂µ
∂yI0
=
1
(1 +
∑
I 6=Ip |zI |
2)2
(
2yI0(1 +
∑
I 6=Ip
|zI |
2)ΛI0 − 2yI0(ΛIp +
∑
I 6=Ip
|zI |
2ΛI)
)
Therefore, ∂µ
∂xI0
= ∂µ
∂I0
= 0 at a point zI0 = 0. It implies that rk dµ at a point zI0 = 0
is equal to the rk dµ|zI0=0, where µ|zI0=0 is the restriction of µ to the coordinate subspace
zI0 = 0, that is
(rkdµ)(zI0 = 0) = (rk d(µ|zI0 = 0))(zI,I 6=I0),
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Altogether we obtain that
(11) (rankdµ)(z) = rankd(µ|zI1=...=zIl=0)(zI,I 6=I1,...Il).
Denote byCPN−lI1,...Il the complex projective space defined by the coordinate subspaceC
N−l+1
I1,....Il
in CN+1 whose axis are indexed by I /∈ {I1, . . . Il} and denote by PI1,...,Il the convex poly-
tope which is obtained as the convex hull of the vectors ΛI , I /∈ {I1, . . . , Il}. Let us
consider the map
µ|zI1=...=zIl=0 : CP
N−l
I1,...,Il
→ PI1,...Il.
The point z belongs to CPN−lI1,...Il as well as its (C
∗)N−l+1I1,...,Il -orbit. Since all coordinates for
z ∈ CPN−lI1,...Il are non zero, it follows that
µ|
CPN−l
I1,...Il
((C∗)N−l+1I1,...,Il · z)) =
◦
P I1,...Il .
Thus, Pz = PI1,...Il and
rk d(µ|
CPN−l
I1,...Il
)(z) = dimPI1,...,Il.
Together with (11) this proves that (rk dµ)(z) = dimPz.

By Lemma 2.6 the Plu¨cker embedding Gn,k → CP
N is T n-equivariant. Therefore, by Theo-
rem 3.8 for the moment map µ : Gn,k → R
n defined by (2) it holds:
Corollary 3.9. The rank of the differential of the moment map µ : Gn,k → R
n is given by
rk dµ(L) = dimPL
at an arbitrary point L, where PL is an admissible polytope for the point L ∈ Gn,k, that is PL =
µ((C∗)n · L).
Together with Theorem 2.15 this further gives:
Corollary 3.10. A point L ∈ Gn,k is a regular point for the moment map µ : Gn,k → R
n if and
only if its stationary subgroup C∗L ⊂ (C
∗)n+1 is trivial.
It follows that the singular points in Gn,k are given by those strata Wσ whose stationary sub-
groups C∗σ are non-trivial.
As for the regular values of the moment map we deduce:
Theorem 3.11. A point x ∈
◦
∆n,k is a regular value for the moment map µ : Gn,k → ∆n,k if
and only if the preimage µ−1(x) does not intersect any stratum which has non-trivial stationary
subgroup.
Remark 3.12. According to classical results of mathematical analysis, µ−1(x) is a closed smooth
submanifold inGn,k of dimension q+n−1 for a regular value x ∈
◦
∆n,k. Here q = 2(k−1)(n−k−1)
is the dimension of the space of parameters of the main stratum.
We define the defect of a point L ∈ Gn,k to be an integer q such that the T
n- orbit of L has the
dimension n− 1− q. Then Theorem 3.11 can be reformulated as:
Corollary 3.13. A point x ∈
◦
∆n,k is a regular value for the moment map µ : Gn,k → ∆n,k if and
only if any point from the preimage µ−1(x) has the defect equal to zero.
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We provide geometrical description of some submanifolds in Gn,k, which consist of singular
points for the moment map µ. Let us consider the decomposition Cn = Cn1 × Cn2 , n = n1 + n2,
and consider the submanifoldGn1,k1,n2,k2 , k = k1+k2, inGn,k, which consists of all k-dimensional
subspaces L ⊂ Cn such that L = L(L1, L2), where L1 is a k1-dimensional subspace in C
n1 and L2
is a k2-dimensional subspace in C
n2 . Then Gn1,k1,n2,k1
∼= Gn1,k1 × Gn2,k2 and the action of (C
∗)n
on Gn1,k1,n2,k2 is induced by the canonical action of (C
∗)n1 on Gn1,k1 and the canonical action of
(C∗)n2 on Gn2,k2 . Therefore, the defect of a point L ∈ Gn1,k1,n2,k2 is q ≥ 1. Then Corollary 3.13
implies:
Proposition 3.14. The points which belong to the submanifolds Gn1,k1,n2,k2
∼= Gn1,k1 × Gn2,k2 in
Gn,k are singular points for the moment map µ : Gn,k → ∆n,k.
Consider a function fj : ∆n,k → R defined by the projection on the j-th coordinate, that is
f(x1, . . . , xn) = xj , where 1 ≤ j ≤ n and the function µj : Gn,k → R, 1 ≤ j ≤ n defined by the
composition µj = fj ◦ µ.
Lemma 3.15. The set of critical values of the function µj consists of two points 0 and 1, and
the set of its critical points is a disjoint union of the smooth manifolds µ−1j (0) = Gn−1,k and
µ−1j (1) = Gn−1,k−1.
Proof. Note that µj(Gn,k) = [0, 1]. By Corollary 3.9 we have that any fixed point L for the
considered T n-action is a critical point for the map µj . Since µj(L) is equal to 0 or 1 for any fixed
point L, it follows that the points 0 and 1 are critical values for µj . It is easy to deduce from the
proof of Corollary 3.9 that no t ∈ (0, 1) can be a critical value for µj . Moreover, µ
−1
j (0)
∼= Gn−1,k
while µ−1j (1) ∼= Gn−1,k−1. 
Note that since the differential of the map µj : Gn,k \ (Gn−1,k ∪ Gn−1,k−1) → (0, 1) is an
epimorphism it follows that there exists a smooth, closed T n - invariant submanifold Sn,k in Gn,k
such that Gn,k \ (Gn−1,k ∪Gn−1,k−1) ∼= Sn,k × (0, 1). Altogether the following result holds.
Proposition 3.16. There exist T n-equivariant projections π0 : Sn,k → Gn−1,k and π1 : Sn,k →
Gn−1,k−1 such that
Gn,k = (Sn,k × [0, 1]) ∪π0 Gn−1,k ∪π1 Gn−1,k−1,
where (s, 0) ⋍ π0(s) and (s, 1) ⋍ π1(s).
It immediately follows:
Theorem 3.17. There exist projections πˆ0 : Sn,k/T
n → Gn−1,k/T n−1 and πˆ1 : Sn,k/T n →
Gn−1,k−1/T n−1 such that
Gn,k/T
n = (Sn,k/T
n × [0, 1]) ∪πˆ0 Gn−1,k/T
n−1 ∪πˆ1 Gn−1,k−1/T
n−1,
where [(s, 0)] ⋍ πˆ0[s] and [(s, 1)] ⋍ πˆ1[s].
For k = 2 this yields to the following result.
Corollary 3.18. The orbit space Gn,2/T
n is homotopy equivalent to the space C(Sn,2/T
n) ∪πˆ0
Gn−1,2/T n−1 that is obtained by attaching the conus C(Sn,2/T n) to the spaceGn−1,2/T n−1 by the
attaching map πˆ0 : Sn,2/T
n ∼= ∂C(Sn,2/T
n)→ Gn−1,2/T n−1.
In this way we obtain an inductive description of the orbit space Gn,2/T
n in terms of the orbit
spaces Sl,2/T
l, where l ≤ n.
17
Example 3.19. For n = 4 and k = 2 we obtain that Σ(S4,2/T
4) is homotopy equivalent to
G4,2/T
4 ∼= S5. For n = 5 and k = 2 we obtain that G5,2/T
5 is homotopy equivalent to
C(S5,2/T
5) ∪πˆ0 S
5.
Remark 3.20. It arises a problem to describe the orbit space Sn,k/T
n. This will be a topic of our
forthcoming paper.
Remark 3.21. Note that the manifolds Gn1,k1,n2,k2 are the closures of the strata in Gn,k which are
mapped, by the moment map, to the polytopes ∆n1,k1 × ∆n2,k2 ⊂ ∆n,k. The polytopes ∆n1,k1 ×
∆n2,k2 can be perceived as the intersection of ∆n,k with the planes x1 + · · · + xn1 = k1 in R
n
according to the decomposition Rn = Rn1 × Rn2 , where 1 ≤ k1 ≤ n1, 1 ≤ n1 ≤ n.
4. THE CANONICAL ACTION OF (C∗)5 ON G5,2
We consider the canonical action of T 5 on the complex Grassmann manifoldG5,2. Note that the
diagonal ∆ in T 5 acts trivially on G5,2, so the torus T
4/∆ acts effectively on G5,2. In the sequel
we equivalently consider both of these actions. The image of G5,2 by the moment map (2) is the
convex hull of the points Λij = (δ
l
ij) ∈ R
5, 1 ≤ l ≤ 5 and 1 ≤ i < j ≤ 5 , such that δiij = δ
j
ij = 1
and δlij = 0 for l 6= i, j. This polytope is known as the hypersimplex∆5,2. The hypersimplex∆5,2
is a four-dimensional polytope which belongs to the hyperplane x1 + . . . + x5 = 2. The atlas for
G5,2, defined by the Plu¨cker coordinates, consists of ten charts MI = {L ∈ G5,2|P
I(L) 6= 0},
where I = {i1, i2} ⊂ {1, . . . , 5}. We describe the strata on G5,2 following the pattern given in [7].
4.1. (C∗)5 -orbits and their admissible polytopes. We first explicitly describe the orbits of the
(C∗)5-action on C6 in a fixed chart.
Proposition 4.1. The orbit of a point a = (a1, . . . , a6) ∈ C
6 for the induced (C∗)5-action on C6 is
one of the following:
(1) it is the 8-dimensional manifold given by the equations
c
′
1z1z5 = c1z2z4, c
′
2z1z6 = c2z3z4, c
′
3z2z6 = c3z3z5, for ci, c
′
i 6= 0 and c1c
′
2c3 = c
′
1c2c
′
3,
if ai 6= 0, 1 ≤ i ≤ 6;
(2) it is the 8-dimensional manifold given by one of the following six equations:
(a) c
′
1z1z5 = c1z2z4, z3 = 0 or z6 = 0 textfor c1, c
′
1 6= 0, if a3 = 0 or a6 = 0,
(b) c
′
2z1z6 = c2z3z4, z2 = 0 or z5 = 0 for c2, c
′
2 6= 0, if a2 = 0 or a5 = 0,
(c) c
′
3z2z6 = c3z3z5, z1 = 0 or z4 = 0 for c3, c
′
3 6= 0, if a1 = 0 or a4 = 0;
(3) it is the 6-dimensional manifold given by one of the following three equations:
(a) c
′
1z1z5 = c1z2z4, z3 = z6 = 0 for c, c
′
6= 0, if a3 = a6 = 0,
(b) c
′
2z1z6 = c2z3z4, z2 = z5 = 0 for c, c
′
6= 0, if a2 = a5 = 0,
(c) c3z2z6 = c
′
3z3z5, z1 = z4 = 0 for c, c
′
6= 0, if a1 = a4 = 0;
(4) it isC∗I ⊂ (C
∗)6, where I ⊂ {1, . . . , 6}, |I| = 4 and I 6= {2, 3, 5, 6}, {1, 3, 4, 6}, {1, 2, 4, 5},
if ai = aj = 0, {i, j} 6= {1, 4}, {2, 5}, {3, 6};
(5) it is C∗I ⊂ (C
∗)6, where I ⊂ {1, . . . , 6}, |I| ≤ 3, if three of more coordinates of a are zero.
Proof. Without loss of generality we consider the chart M12. It follows from (6) that the (C
∗)5 -
orbit of a point L ∈ M12 is given by (t1a1, t2a2, t3a3, t4a4,
t2t4
t1
a5,
t3t4
t1
a6). Thus, if ai 6= 0 for all
1 ≤ i ≤ 6 then an element (z1, . . . , z6) belongs to this orbit if and only if it satisfies the system of
equations
c
′
1z1z5 = c1z2z4, c
′
2z1z6 = c2z3z4,
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where c1 = a1a5, c
′
1 = a2a4, c2 = a1a6, c
′
2 = a3a4, c3 = a2a6, c
′
3 = a3a5. Since ci, c
′
i 6= 0 we
obtain in this way the orbits of the type (1).
If exactly one of the ai’s is equal to zero we obtain the orbits of the type (2). For example if
a1 or a4 is equal to zero we obtain the orbits (c) in (2). The orbits of the type (3) are obtained by
elements (a1, . . . , a6) such that two of the ai’s which belong to the same row are equal to zero. For
all other choices of an element (a1, . . . , a6) ∈ C
6, its orbit will be a coordinate subspace as stated
in the Proposition.
If two of the ai’s which do not belong to the same row are equal to zero, say a1 = a5 = 0, the or-
bit of a such element will be (0, t2a2, t3a3, t4a4, 0,
t3t4
t1
a6). This orbits writes as (0, t2a2, t3a3, t4a4, 0, t1a6).
It implies that the orbit of this element is coordinate subspace C∗2346. Similarly, the complex four-
dimensional coordinate subspaces C∗ijkl, {i, j, k, l} 6= {1, 3, 4, 6}, {2, 3, 5, 6}, {1, 2, 4, 5} are 8-
dimensional orbits of the algebraic torus (C∗)5.
If three or more ai’s are equal to zero then it can be directly checked that the orbit of a such
element will be C∗I , where I = {i|ai 6= 0}. In this way, we obtain all possible C
∗
I , where I ⊂
{1, . . . , 6} and |I| ≤ 3. 
4.2. Admissible polytopes in the chart M12. The image by the moment map of an arbitrary
(C∗)5-orbit is the interior of a convex polytope spanned by some subset of vertices for∆5,2. These
polytopes, as we already said, are called the admissible polytopes. We describe here admissible
polytopes for (C∗)5 -orbits, which belong to the chart M12, following their description given in
Proposition 4.1.
Proposition 4.2. Admissible polytopes for (C∗)5 - orbits in G5,2 in the chart M12 are, according
to Proposition 4.1, as follows:
(1) For the orbits (1) – one of the following four-dimensional polytopes:
• the hypersimplex∆5,2 if ci, c
′
i 6= 0, ci 6= c
′
i;
• spanned by 9 vertices different from Λ45 if c1 6= c
′
1, c3 = c
′
3;
• spanned by 9 vertices different from Λ35 if c1 6= c
′
1, c2 = c
′
2;
• spanned by 9 vertices different Λ34 if c1 = c
′
1, c2 6= c
′
2;
• spanned by 7 vertices different from Λ34, Λ35, Λ45 if c1 = c
′
1; c2 = c
′
2, c3 = c
′
3 .
(2) For the orbits (2) – one of the following four-dimensional polytopes:
(a) spanned by 9 vertices different from:
• Λ25 or Λ15 for the orbits (a),
• Λ24 or Λ14 for the orbits (b),
• Λ23 or Λ13 for the orbits (c)
if ci 6= c
′
i;
(b) spanned by 8 vertices different from:
• Λ34,Λ25 or Λ34,Λ15 for the orbits (a),
• Λ35,Λ24 or Λ35,Λ14 for the orbits (b),
• Λ45,Λ23 or Λ45,Λ13 for the orbits (c)
if ci = c
′
i.
(3) For the orbits (3) – one of the following three-dimensional polytopes:
(a) an octahedron spanned by the vertices:
Λ12,Λ13,Λ14,Λ23,Λ24,Λ34;
Λ12,Λ13,Λ15,Λ23,Λ25,Λ35;
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Λ12,Λ14,Λ15,Λ24,Λ25,Λ45
if ci 6= c
′
i;
(b) spanned by the vertices:
• Λ12,Λ13,Λ14,Λ23,Λ24 for the orbits (a),
• Λ12,Λ13,Λ15,Λ23,Λ25 for the orbits (b),
• Λ12,Λ14,Λ15,Λ24,Λ25 for the orbits (c)
if ci = c
′
i.
(4) For the orbits (4) – one of the following four-dimensional polytopes:
• spanned by 8 vertices, which do not contain the pairs Λ1i,Λ2j , where i 6= j and
i, j ≥ 3;
• spanned by 7 vertices, which do not contain the triples Λ1i,Λ1j , Λij or the pairs
Λ2i,Λ2j where i 6= j and i, j ≥ 3;
(5) For the orbits (5) – one of the following one, two or three-dimensional polytopes:
• spanned by Λ12, Λ1i or Λ12, Λ2i, where 3 ≤ i ≤ 5 for the one-dimensional polytopes;
• spanned by Λ12, Λ1i, Λ1j or Λ12, Λ2i, Λ2j or Λ12, Λ1i, Λ2i or Λ12, Λ1i,Λ2j,Λij , where
3 ≤ i, j ≤ 5 and i 6= j for the two-dimensional polytopes;
• spanned by Λ12, Λ13, Λ14, Λ15 or Λ12, Λ23, Λ24 Λ25 or Λ12, Λ1i, Λ1j , Λ2i, Λij or Λ12,
Λ2i, Λ2j , Λ1i, Λij or Λ12, Λ1i, Λ1j , Λ2k,Λik,Λjk or Λ12, Λ2i, Λ2j , Λ1k, Λik,Λjk where
i, j, k ≥ 3, i 6= j, k and k 6= j, for the three-dimensional polytopes.
Proof. The proof is similar to the proof of Proposition 4.1. For the orbits of type (1) such that
c1 6= c2 and c1, c2 6= 1, we see that all minors in the corresponding matrix AL of an element L
of a such orbit, are non-zero. Therefore, the image of this orbit by the moment map will be the
convex hull over all vertices Λij , 1 ≤ i < j ≤ 6, that is the hypersimplex ∆5,2. If c1 = c2 6= 1,
then P 45(AL) = 0, while all other minors are non-zero, which implies that the image of the orbit
of a such element L will be a four-dimensional polytope, described as the convex hull of the
vertices Λij apart from Λ45. The proof for the other cases is similar. We take into account the
description of orbits given in the proof of Proposition 4.1 and from the set of all vertices remove
those corresponding to the minors that are equal to zero. 
More geometric description of the polytopes from Proposition 4.2 would be as follows.
Corollary 4.3. The admissible polytopes for (C∗)5 - orbits in the chartM12 are:
(1) four-dimensional:
• the hypersimplex∆5,2;
• any of 9 polytopes with 9 vertices that contains the vertex Λ12;
• any of 12 polytopes with 8 vertices that contains the vertex Λ12 and does not contain
any of the pairs Λ1i,Λ2j or Λ1i,Λjk or Λ2i,Λjk where i, j, k ≥ 3 and i 6= j, k, j 6= k;
• any of 7 pyramids with 7 vertices whose top vertex is one of the following: Λ12, Λ13,
Λ14, Λ15, Λ23, Λ24 or Λ25;
(2) three-dimensional:
• any of 3 octahedra that contains the pair of vertices Λ12,Λ34 or Λ12,Λ35 or Λ12,Λ45;
• any of 3 pyramids with 5 vertices whose apex is Λ12;
• any of 6 prisms with vertices Λ12,Λ1i,Λ1j,Λ2k,Λik,Λjk or Λ12,Λ2i,Λ2j,Λ1k,Λik,Λjk,
where i, j, k ≥ 3, i, j 6= k, i 6= j;
• any of 12 pyramids with 5 vertices that contains the vertex Λ12 and whose apex is one
of the following: Λ13,Λ14,Λ15,Λ23,Λ24 or Λ25.
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• any of 2 tetrahedra that contain the vertex Λ12;
(3) two-dimensional:
• any of 9 triangles that contain the vertex Λ12;
• any of 6 rectangles that contain the vertex Λ12;
(4) one-dimensional: any of 6 edges that contains the vertex Λ12;
(5) zero-dimensional: the vertex Λ12.
4.3. The admissible polytopes and the strata for G5,2. It follows from Lemma 2.24 that any
chart contains the same number of admissible polytopes and, in addition, it contains the same
number of admissible polytopes of the same type, as given by Proposition 4.3. Moreover, the
number of vertices of an admissible polytopePσ coincides with the number of charts which contain
Wσ. In addition, the number of all charts is equal to the Euler characteristic χ(G5,2). Using this
we determine the admissible polytopes for G5,2 and their numbers.
Proposition 4.4. The admissible polytopes for G5,2/T
5 are:
(1) four-dimensional:
• hypersimplex ∆5,2;
• 10 polytopes spanned by the 9 vertices;
• 15 polytopes spanned by 8 vertices;
• 10 pyramids spanned by 7 vertices;
(2) three-dimensional:
• 5 octahedra;
• 30 pyramids with 5 vertices;
• 10 prisms with 6 vertices;
• 5 tetrahedra;
(3) two-dimensional:
• 30 triangles;
• 15 squares;
(4) 30 edges;
(5) 10 vertices.
Notations. We set the following notations for some admissible polytopes. The admissible
polytope with nine vertices which does not contain the vertex Λij we denote by Kij(9), 1 ≤ i <
j ≤ 10. The admissible polytope with eight vertices which does not contain the vertices Λij and
Λkl we denote by Kij,kl, 1 ≤ i < j ≤ 10, 1 ≤ k < l ≤ 10, {i, j} 6= {k, l}. The admissible
pyramid with seven vertices and with the apex Λij we denote by Kij(7), 1 ≤ i < j ≤ 10. All
polytopes Kij(9), Kij,kl, Kij(7) are four-dimensional. The prisms with six vertices we denote by
Pij , 1 ≤ i < j ≤ 10 and it is easy to see they represent base for the pyramids Kij(7). By Oi,
1 ≤ i ≤ 5, we denote the admissible octahedron which does not contain the vertices Aik where
1 ≤ k ≤ 5, k 6= i. By Ti, 1 ≤ i ≤ 5 we denote the admissible tetrahedron whose vertices are
Λik, 1 ≤ k ≤ 5, k 6= i. The 30 pyramids with five vertices belong to the 5 octahedra and give
their polytopal decomposition. The triangles are the facets of the octahedra and tetrahedra, the 15
squares are the diagonal squares for the octahedra, three for each octahedron.
4.4. The combinatorial approach to admissible polytopes. We can approach the description
of admissible polytopes in purely combinatorial way. An admissible polytope is the convex hull∑
1≤i<j≤5 αijΛij , where 0 ≤ αij ≤ 1,
∑
1≤i<j≤5 αij = 1 and Λij are the vertices for ∆5,2. The
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numbers αij can be calculated using the Plu¨cker coordinates as follows:
αij =
|P ij|2∑
1≤i<j≤5
|P ij|2
, 1 ≤ i < j ≤ 5.
The Plu¨cker coordinates satisfies the relations
(12) P i1j1P i2j2 = P i2j1P i1j2 − P i1i2P j1j2,
which impose the relations on αij . Therefore the admissible polytopes can be described as all
possible convex combinations ofΛij where the coefficients of the combinations satisfy the relations
imposed from (12). For example,
• if all αij 6= 0 we obtain the admissible polytope∆5,2;
• if αi1j1 = 0 and αij 6= 0 for {i, j} 6= {i1, j1} we obtain the admissible polytopeKi1j1(9);
• if αi1j1 = αi2j2 = 0 and {i1, j1} ∩ {i2, j2} = ∅ and αij 6= 0 for {i, j} 6= {i1, j1}, {i2, j2}
we obtain the admissible polytopeKi1j1,i2j2 .
• if αi1j1 = αi1j2 = 0 and αi1j3 6= 0 for j3 6= j1, j2 it follows from (12) that αj1j2 = 0. In this
way, we obtain the admissible polytopeKi3j3(7), where i3 = {1, . . . , 5} \ {i1, j1, j2, j3}.
One can also in a purely combinatorial way verify if some point from∆5,2 belongs to the interior
of a fixed admissible polytope.
Lemma 4.5. A point x ∈ ∆5,2 belongs to the interior of an admissible polytope K with the
vertices Λi1j1, . . . ,Λisjs if and only of x =
∑s
l=1 αiljlΛiljl where
∑s
l=1 αi1jl = 1 and αiljl > 0 for
all 1 ≤ l ≤ s.
The symmetric group S5 acts on the set of all admissible polytopes for G5,2. We determine here
the corresponding stationary subgroups and the fundamental strata.
Lemma 4.6. The stationary subgroups for S5-action on the set of all admissible polytopes are
isomorphic to:
∆5,2 : S5, Kij(9) : S2 × S3, Kij,kl : S2 × S2 × S2; Kij(7) : S2 × S3, Pij : S2 × S3,
Oi : S4, Ti : S4, five-vertex pyramids : S2 × S2,
squares : S2 × S2 × S2, triangles : S3 or S2 × S3
edges : S2 × S2, vertices : S2 × S3.
Proof. We demonstrate the proof for the admissible triangles. The vertices of an admissible tri-
angle are {Λij,Λik,Λil} or {Λij,Λik,Λjk}, where i, j, k, l are pairwise distinct. The stationary
subgroup for the triangles of the first form is S3 and for the triangles of the second form it is
S2 × S3. 
Lemma 4.7. The fundamental polytopes for G5,2 for admissible polytopes which:
• belong to the interior of∆5,2 are: ∆5,2, oneKij(9), oneKij,kl, oneKij(7) and one Pij;
• belong to the boundary of ∆5,2 are: one Oi, one Ti, one square, two triangles, one edge
and one vertex.
Proof. The stationary subgroup forKij(9) is isomorphic to S2 × S3 which has the order 12. Since
the order of S5 is 120we obtain that the S5-orbit ofKij(9) has 10 elements. This coincides with the
number of the admissible polytopes with 9 vertices. The proof for the other admissible polytopes,
apart from triangles and edges, is analogous. The orbit of a triangle, whose stationary subgroup
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is S3 has 20 elements, while the orbit of a triangle, whose stationary subgroup is S2 × S3 has 10
elements. Altogether this gives 30 triangles. 
Corollary 4.8. The number of the strata for T 5-action on G5,2 is 125 + 46 = 171. The number of
the fundamental strata is 13, where q3 = q4 = q6 = 2 and qp = 1 for p 6= 3, 4, 6.
4.5. The closure of (C∗)5-orbits. The closure of a (C∗)5-orbit inG5,2 is a toric variety. Following
the arguments from [7] we provide the description of these toric varieties.
Theorem 4.9. The closure of an orbit for (C∗)5-action on G5,2 is a toric variety:
(1) of dimension eight (complex dimension 4) and with:
• 10 singular points if its admissible polytope is∆5,2;
• 9 singular points if its admissible polytope is Kij(9), 1 ≤ i < j ≤ 5;
• 4 singular points if its admissible polytope is Kij,kl, 1 ≤ i, j, k, l ≤ 5, i 6= j 6= k 6= l;
• 1 singular point if its admissible polytope is Kij(7), 1 ≤ i < j ≤ 5;
(2) of dimension six (complex dimension 3):
• with 6 singular points if its admissible polytope is an octahedra Oi, 1 ≤ i ≤ 5;
• with 1 singular point if its admissible polytope is a pyramid over square;
• CP 2 × CP 1 if its admissible polytope is a prism Pij , 1 ≤ i < l ≤ 5;;
• CP 3 if its admissible polytope is a tetrahedra Ti, 1 ≤ i ≤ 5;
(3) of dimension four:
• CP 2 if its admissible polytope is a triangle;
• CP 1 × CP 1 if its admissible polytope is a rectangle;
(4) of dimension two, i. e. CP 1.
(5) of dimension zero vertices, i. e. fixed points.
All singular points of these toric varieties map, by the moment map, to the vertices of ∆5,2.
As for the regular point of the moment map, Corollary 3.10 implies:
Corollary 4.10. All points of the eight-dimensional orbits for (C∗)5-action on G5,2 are the regular
points for the moment map µ : G5,2 → ∆5,2.
The only l- dimensional admissible polytopes, l ≤ 3, which intersect
◦
∆5,2 are the prisms Pij .
More precisley,
◦
P ij⊂
◦
∆5,2. Thus, Theorem 3.11 implies:
Corollary 4.11. The set of singular values in
◦
∆5,2 for the moment map µ is given by ∪1≤i<j≤5
◦
P ij .
The set of singular points in G5,2, which are mapped by the moment map to
◦
∆5,2, is given by the
principal orbits of the toric varietiesWij ∼= CP
2 × CP 1. The toric varietiesWij are mapped, by
the moment map, to Pij , where 1 ≤ i < j ≤ 5.
By Proposition 3.14, the toric varieties Wij ∼= CP
2 × CP 1 ⊂ G5,2 have a nice geometric
description:
Corollary 4.12. The ten toric varieties Wij , 1 ≤ i < j ≤ 5 correspond to the ten decomposition
C5 = C3 × C2. More precisely,Wij consist of two-dimensional subspaces L ⊂ C
5 such that L =
L(L1, L2), where L1, L2 are the lines in C
3,C2 respectively, for the corresponding decomposition
of C5 = C3 × C2.
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4.6. The strata in the chart M12, their spaces of parameters and orbit spaces. We analyze
now the spaces of parameters of the strata as well as the T 5- orbit spaces of the strata. Since the
action of S5 on G5,2 permutes the charts, the strata and, consequently, the admissible polytopes
and the spaces of parameters, it is enough to consider these objects just in an one chart.
From Proposition 4.1 and Proposition 4.2 it directly follows:
Corollary 4.13. Any stratum Wσ for which Pσ 6= ∆5,2, Kij(9), Ol consists of one orbit. Conse-
quently, Fσ is a point.
The main stratum W consists of the points whose all Plu¨cker coordinates are non-zero. The
main stratum belongs to all chart for G5,2, so Proposition 4.1 implies:
Corollary 4.14. The main stratum is, in a fixed chart, given by the following system of equations:
(13) c
′
1z1z5 = c1z2z4, c
′
2z1z6 = c2z3z4, c
′
3z2z6 = c3z3z5,
where
(14) c1c
′
2c3 = c
′
1c2c
′
3 and ci, c
′
i 6= 0, ci 6= c
′
i, ci, c
′
i ∈ C.
Corollary 4.15. The space of parameters F of the main stratumW is homeomorphic to
{((c1 : c
′
1), (c2 : c
′
2), (c3 : c
′
3)) ∈ CP
1 × CP 1 × CP 1, c1c
′
2c3 = c
′
1c2c
′
3, ci, c
′
i 6= 0, ci 6= c
′
i}.
The other non-orbit strata are, in the chart M12, given by the family of surfaces (1), (2) and (3)
from Proposition 4.1. Therefore we have:
Corollary 4.16. The space of parameters for a non-orbit stratum, which is different from the main
stratum, that is for a stratum whose admissible polytope is Kij(9) or Oi, is homeomorphic to
CP 1A = CP
1 \ A, where A = {(0 : 1), (1 : 0), (1 : 1)}.
From Theorem 3.6 it follows:
Corollary 4.17. The orbit spaceWσ/T
5 of a stratumWσ whose admissible polytope is:
(1) ∆5,2 is homeomorphic to
◦
∆5,2 ×F ;
(2) Kij(9) is homeomorphic to
◦
Kij (9)× CP
1
A;
(3) Oi is homeomorphic to
◦
Oi ×CP
1
A.
Corollary 4.18. The orbit space for Wσ/T
5 of a stratum Wσ whose admissible polytope Pσ is
different from∆5,2, Kij(9) and Oi is homeomorphic to
◦
Pσ.
Remark 4.19. Let us fix a chart Mij and let Wσ ⊂ Mij be a stratum such that Fσ is not a point.
Then, as Proposition 4.1 shows, Wσ is defined by the equations whose coefficients belong to the
space of parameters Fσ. We denote by Fσ,ij a coordinate record of the space of parameters Fσ in
the chartMij . By fσ,ij : Fσ,ij → Fσ we denote the induced canonical homeomorphism. We want to
emphasize that if Fσ is a point then one can not assign to the point Fσ the parameter coordinates in
the chartMij , since in this case the stratumWσ consists of one (C
∗)5-orbit and by Proposition 4.1
no equations are imposed on the points ofWσ.
Summing up all we obtain:
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Proposition 4.20. The strata for (C∗)5-action on G5,2/T 5, their number in each dimension and
corresponding polytopes are given as follows:
(15)
 12 10 8 8 8 6 6 6 4 4 2 01 10 15 10 5 10 30 5 15 30 30 10
∆5,2 Kij(9) Kij,kl(8) Kij(7) Oi(6) Pij(6) P (6) Ti(4) P (4) P (3) P (2) V er

 .
Apart from the bolded strata, all other strata consist of one orbit.
4.7. The facets of the admissible polytopes. We describe here the facets of the four-dimensional
admissible polytopes. Using the description of the main stratum in the chartM12 we obtain:
Proposition 4.21. The facets of the hypersimplex∆5,2 are the octahedraOi and the tetrahedra Ti,
where 1 ≤ i ≤ 5.
We describe first the facets of the admissible polytopesKij(9). For the clearness of the exposi-
tion we demonstrate it for the polytope K13(9). We denote by P
kl
i , k, l 6= i, the four sided prism
spanned by the vertices of the octahedron Oi excluding the vertex Λkl.
Proposition 4.22. The boundary of K13(9) consists of the octahedra O1 and O3, the tetrahedra
T2, T4 and T5, the pyramids P
13
2 , P
13
4 and P
13
5 and the prism P13 with the based triangles spanned
by {Λ12,Λ14,Λ15} and {Λ23,Λ34,Λ35}.
Proof. The stratum Wσ, σ = {I ⊂ {1, . . . , 5}, |I| = 2} \ {1, 3}, which maps to K13(9) is, in
the chart M12, given by the following system of equations c
′
z2z6 = cz3z5 and z4 = 0, where
(c : c
′
) ∈ CP 1A. The boundary of any (C
∗)5-orbit from Wσ consists of the (C∗)5-orbits of the
smaller dimensions and there is a bijection between these orbits and the faces of K13(9). The
orbits of complex dimension 3, belonging to the boundary of an orbit from Wσ are given by the
following conditions: z1 = 0 ( its polytope is O3), z2 = z3 = 0 (its polytope is P13), z2 = z5 = 0
( its polytope is P 134 ), z3 = z6 = 0 (its polytope is the pyramid P
13
5 (, z5 = z6 = 0 ( its polytope is
T2). The stationary subgroup forK13(9) regarded to S5-action is S13 = S2{1, 3}×S3{2, 4, 5}. By
the action of S13 on those facets of K13(9), which belong to the chartM12 we obtain all facets for
K13(9). In this way in addition we obtain O1, P
13
2 , T4 and T5 to be the facets forK13(9). 
More generally:
Proposition 4.23. The boundary of Kij(9) consists of the octahedra Oi and Oj , the tetrahedra
Tk, Tl, Tm, the pyramids P
ij
k , P
ij
l and P
ij
m and the prism Pij with the based triangles spanned by
{Λik,Λil,Λim} and {Λjk,Λjl,Λjm}, where k, l,m 6= i, j.
In an analogous way we describe the facets for the polytopesKij,kl andKij(7).
Proposition 4.24. The boundary of the polytopeKij,kl consists of two prisms Pij and Pkl with the
based triangles spanned by {Λis,Λip,Λiq}, {Λjs,Λjp,Λjq} and {Λkr,Λku,Λkv}, {Λlr,Λlu,Λlv},
the tetrahedron Tm and the pyramids P
kl
i , P
kl
j , P
ij
k , P
ij
l , where {s, p, q} = {1, 2, 3, 4, 5} \ {i, j},
{r, u, v} = {1, 2, 3, 4, 5} \ {k, l} andm 6= i, j, k, l while i, j 6= k, l.
Remark 4.25. An admissible polytopeKij,kl has eight vertices, among them four vertices are sim-
ple, while the other four vertices have five edges.
Proposition 4.26. The boundary of the polytope Kij(7) consists of the prism Pij with the based
triangles spanned by {Λip,Λiq,Λir}, {Λjp,Λjq,Λjr}, the tetrahedra Ti, Tj and the pyramids P
qr
p ,
P prq , P
pq
r , where {p, q, r} = {1, 2, 3, 4, 5} \ {i, j}.
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Corollary 4.27. The prismPij with the based triangles spanned by {Λip,Λiq,Λir} and {Λjp,Λjq,Λjr}
is the common interior facet for Kij(9), polytopes Kij,kl and pyramid Kij(7). It is the only facet
forKij(9) and Kij(7) that belongs to the interior of
◦
∆5,2.
Note that the polytopes Kil,kl, Kij,pq , Kij,rs , Kkl(7), Kpq(7), Krs(7) are sub-polytopes of
Kij(9) and that any of the pairs (Kij,kl, Kkl(7)), (Kij,pq, Kpq(7)), (Kij,rs, Krs(7)) gives the poly-
topal decomposition of Kij(9). On the other hand, the pairs (Kij(9), Kij(7)) give the polytopal
decomposition of ∆5,2, where Kij(9) and Kij(7) are glued together along the prism Pij , which is
their common interior facet.
5. THE IDEA OF THE UNIVERSAL SPACE OF PARAMETERS
The main stratum is an everywhere dense set in G5,2 meaning that any other stratum is in the
boundary of the main stratum. Using that fact our goal is to prove the following theorem.
Theorem 5.1. There exists a topological space F˜ such that:
(1) for any chartMij there is a map Hij : A → F˜ , σ → F˜σ,ij , where F˜σ,ij ⊂ F˜ is defined by:
c ∈ F˜σ,ij if and only if there exists a sequence (xn, cn) ⊂
◦
∆5,2 ×Fij such that cn converges
to c and h−1(xn, fij(cn)) converges to a point fromWσ/T 5.
(2) F˜σ,ij is homeomorphic to F˜σ,kl for any chartsMij ,Mkl.
Here A is the set of all admissible sets, h : W/T 5 →
◦
∆5,2 ×F is the canonical trivialization of
the main stratum and fij : Fij → F is the canonical homeomorphism for the chartMij .
Let us explain the meaning of this theorem a little more. The orbit space G5,2/T
5 is a compacti-
fication ofW/T 5 and the boundary ofW/T 5 in G5,2/T
5 is given by ∪Wσ 6=WWσ/T
5. Theorem 3.6
states that for any σ ∈ A, Wσ/T
n is homeomorphic to
◦
P σ ×Fσ,ij . Theorem 7.3 claims that there
exists a corresponding compactification for
◦
∆5,2 ×Fij which is given by the subspaces F˜σ,ij ⊂ F˜ ,
that is a compactification for
◦
∆5,2 ×Fij of the form ∪σ
◦
P σ ×F˜σ,ij .
Definition 5.2. The space F˜ is called the universal space of parameters for T 5-action on G5,2.
Definition 5.3. The spaces F˜σ,ij are said to be the virtual spaces of parameters for the strataWσ in
the chartMij .
Note that Theorem 7.3 directly implies that Fij ⊂ F˜ for any chart Mij . We know that Fij ⊂
CP 1 ×CP 1 ×CP 1 and we will prove that the closure F¯ij ⊂ CP
1 ×CP 1 ×CP 1 has to belong to
F˜ as well. But, as the consideration that follows will show this closure is not enough, the universal
space of parameters turns out to be wider.
We proceed with the proof of Theorem 7.3 though few steps. First, we describe the subsets
F¯σ,12 ⊂ F¯12 for the strata Wσ, which belong to the chart M12. The subsets F¯σ,12 are obtained
using the fact that the main stratum is a dense set in this chart . This description will show that in
finding F˜ we should start with F¯ ⊂ CP 1 × CP 1 × CP 1. Then we describe the automorphisms
of F given by the transition homeomorphisms between Fij and Fkl in different charts Mij ,Mkl.
Finally we find the compactification F˜ for F such that any of these automorphism extends to an
automorphism of F˜ . This compactification will satisfy the conditions of Theorem 7.3.
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6. THE SPACES F¯σ,12 FOR THE STRATA Wσ IN THE CHART M12
We describe the spaces F¯σ,12 ⊂ F¯12 for the strata which belong to the chartM12.
Proposition 6.1. The spaces F¯ij,12 for the strata whose admissible polytopes areKij(9) and which
belong to the chartM12, are F¯ij,12 ⊂ F¯12 ⊂ CP
1 × CP 1 × CP 1 given as follows:
(1) F¯23,12 → ((0 : 1), (0 : 1), (c : c
′
)),
(2) F¯24,12 → ((1 : 0), (c : c
′
), (0 : 1)),
(3) F¯25,12 → ((c : c
′
), (1 : 0), (1 : 0)),
(4) F¯13,12 → ((1 : 0), (1 : 0), (c : c
′
)),
(5) F¯14,12 → ((0 : 1), (c : c
′
), (1 : 0)),
(6) F¯15,12 → ((c : c
′
), (0 : 1), (0 : 1)),
(7) F¯34,12 → ((1 : 1), (c : c
′
), (c : c
′
)),
(8) F¯35,12 → ((c : c
′
), (1 : 1), (c
′
: c)),
(9) F¯45,12 → ((c : c
′
), (c : c
′
), (1 : 1)),
where (c : c
′
) ∈ CP 1A.
Proof. The strata (1)− (9) belong to the chartM12 and the given list of their spaces of parameters
follows from the description of these strata given by Proposition 4.1.The stratum (1) is, in the
chart M12, given by the condition z1 = 0, zi 6= 0, i 6= 1 and
z2z6
z3z5
6= 1. So, if a sequence of points
(zn1 , . . . , z
n
6 ) from the main stratum converges to a given point from the stratum (1), it follows that
zn1 → 0, while z
n
i → zi 6= 0. Thus, c
n
1 =
zn
1
zn
5
zn
2
zn
4
→ 0, cn2 =
zn
1
zn
6
zn
3
zn
4
→ 0, while
cn
1
(cn
1
−1)
cn
2
(cn
2
−1) → c,
where c = z2z6
z3z5
. Therefore the orbits from the stratum (1) are continuously parametrized by triples
(0, 0, c), where c ∈ C−{0, 1}. In the same way, we deduce the parametrization for the orbits from
the strata (2)− (9). 
Proposition 6.2. The spaces F¯(ij,kl),12 for the strata whose admissible polytopes are Kij,kl and
which belong to the chartM12, are F¯(ij,kl),12 ⊂ F¯12 ⊂ CP
1 × CP 1 × CP 1 given as follows:
• F¯(14,23),12 → ((0 : 1), (0 : 1), (1 : 0)), F¯(13,24),12 → ((1 : 0), (1 : 0), (0 : 1)),
• F¯(15,24),12 → ((1 : 0), (0 : 1), (0 : 1)), F¯(23,45),12 → ((0 : 1), (0 : 1), (1 : 1)),
• F¯(24,35),12 → ((1 : 0), (1 : 1), (0 : 1)), F¯(25,34),12 → ((1 : 1), (1 : 0), (1 : 0)),
• F¯(15,23),12 → ((0 : 1), (0 : 1), (0 : 1)), F¯(13,25),12 → ((1 : 0), (1 : 0), (1 : 0)),
• F¯(14,25),12 → ((0 : 1), (1 : 0), (1 : 0)), F¯(13,45),12 → ((1 : 0), (1 : 0), (1 : 1));
• F¯(14,35),12 → ((0 : 1), (1 : 1), (1 : 0)), F¯(15,34),12 → ((1 : 1), (0 : 1), (0 : 1)).
Proposition 6.3. The spaces F¯ij,12(7) for the strata whose admissible polytopes are Kij(7) and
which belong to the chartM12, are F¯ij,12(7) ⊂ F¯12 ⊂ CP
1 × CP 1 × CP 1 given as follows:
• F¯23,12(7)→ (0, 1)× (0 : 1)× CP
1, F¯24,12(7)→ (1 : 0)× CP
1 × (0 : 1),
• F¯25,12(7)→ CP
1 × (1 : 0)× (1 : 0), F¯13,12(7)→ (1 : 0)× (1 : 0)× CP
1,
• F¯14,12(7)→ (0 : 1)× CP
1 × (1 : 0), F¯15,12(7)→ CP
1 × (0 : 1)× (0 : 1),
• F¯12,12(7)→ ((1 : 1), (1 : 1), (1 : 1)).
Proposition 6.4. The spaces F¯i,12 for the strata whose admissible polytopes are Oi and which
belong to the chartM12, are the subsets F¯i,12 ⊂ F¯12 ⊂ CP
1 × CP 1 × CP 1 given as follows:
• F¯3,12 → F¯12 ∩ (CP
1 × CP 1 × CP 1A),
• F¯4,12 → F¯12 ∩ (CP
1 × CP 1A × CP
1),
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• F¯5,12 → F¯12 ∩ (CP
1
A × CP
1 × CP 1).
Proposition 6.5. The spaces F¯ij,12(6) for the strata whose admissible polytopes are Pij and which
belong to the chartM12, are F¯ij,12(6) ⊂ F¯12 ⊂ CP
1 × CP 1 × CP 1 given as as follows:
• F¯23,12(6)→ (0, 1)× (0 : 1)× CP
1, F¯24,12(6)→ (1 : 0)× CP
1 × (0 : 1),
• F¯25,12(6)→ CP
1 × (1 : 0)× (1 : 0), F¯13,12(6)→ (1 : 0)× (1 : 0)× CP
1,
• F¯14,12(6)→ (0 : 1)× CP
1 × (1 : 0), F¯15,12(6)→ CP
1 × (0 : 1)× (0 : 1),
Remark 6.6. It holds F¯3,12 = F¯12∩(CP
1×CP 1×CP 1A) = F12∪F¯13,12∪F¯23,12∪F¯34,12∪F¯35,12 and
this corresponds to the fact that O3 is a facet for each of∆5,2,K13(9),K23(9),K34(9) andK35(9).
In other words orbits from the stratum whose admissible polytope is O3 are in the boundary of the
orbits of the strata with the admissible polytopes ∆5,2, K13(9), K23(9), K34(9) and K35(9). Then
using the action of the symmetric group S5 we immediately obtain the description for F¯4,12 and
F¯5,12.
In an analogous way we can describe the spaces of parameters F¯σ,12 ⊂ F¯12 for any stratum
Wσ ⊂ M12. We do not find necessary to list all of them here since the admissible polytopes for
all strata, which are not listed in the previous propositions, are faces of ∆5,2 and their spaces of
parameters are homeomorphic to a point.
Remark 6.7. The previous propositions suggest that in order to find an universal space of parame-
ters we should start with the closure of the space of parameters F in CP 1 × CP 1 × CP 1.
Remark 6.8. The stratum whose admissible polytope is K13(7) is, in the chart M12, parametrized
by ((1 : 1), (1 : 1), (1 : 1)) ∈ F¯12 according to Proposition 6.3. This stratum belongs to the chart
M13 as well and, using the same argument as above, it can be seen that, in that chart M13, this
stratum is parametrized by (1 : 0)× (1 : 0)× CP 1 ⊂ F¯13. Since the virtual spaces of parameters
F˜σ,ij of a stratumWσ in different charts should be homeomorphic, this shows that the closure F¯ of
F in CP 1 × CP 1 × CP 1 can not be taken as an universal space of parameters.
7. THE UNIVERSAL SPACE OF PARAMETERS F˜
7.1. The closureF ofF inCP 1×CP 1×CP 1. The closure of the space Fkl ⊂ CP
1×CP 1×CP 1,
which represent the space of parameters of the main stratum in the chart Mkl, should not depend
on the chartMkl, since all our constructions are invariant under the action of the symmetric group
S5. The closure of Fkl in CP
1 × CP 1 × CP 1 is:
F¯kl = {((c1,kl : c
′
1,kl), (c2,kl : c
′
2,kl), (c3,kl : c
′
3,kl)) | c1,klc
′
2,klc3,kl = c
′
1,klc2,klc
′
3,kl}.
Because of our further purposes we describe this closure in more detail. We obtain the points from
the boundary of Fkl if we put in the cubic equation c1,klc
′
2,klc3,kl = c
′
1,klc2,klc
′
3,kl that some ci,kl = 0,
c
′
i,kl = 0 or ci,kl = c
′
i,kl, but keeping that ci,kl, c
′
i,kl may not be both zero, where 1 ≤ i ≤ 3. The
explicit description of all such points is:
Lemma 7.1. The boundary of Fkl ⊂ CP
1 × CP 1 × CP 1 consists of the following sets:
F¯ 12kl = (0 : 1)× (0 : 1)× CP
1, F¯ 13
′
kl = (0 : 1)× CP
1 × (1 : 0),
F¯ 1
′
2
′
kl = (1 : 0)× (1 : 0)× CP
1, F¯ 1
′
3
kl = (1 : 0)× CP
1 × (0 : 1),
F¯ 23kl = CP
1 × (0 : 1)× (0 : 1), F¯ 2
′
3
′
kl = CP
1 × (1 : 0)× (1 : 0),
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F¯ 11
′
kl = {((1 : 1), (c2,kl : c
′
2,kl), (c2,kl : c
′
2,kl))}, F¯
22
′
kl = {((c1,kl : c
′
1,kl), (1 : 1), (c
′
1,kl : c
′
1,kl))},
F¯ 33
′
kl = {((c1,kl : c
′
1,kl), (c1,kl : c
′
1,kl), (1 : 1))}.
Proof. We consider the cubic equation in (19) and directly deduce the following: c1,kl = c2,kl = 0
gives F¯ 12kl , c1,kl = c
′
3,kl = 0 gives F¯
13
′
kl , c
′
1,kl = c
′
2,kl = 0 gives F¯
1
′
2
′
kl , c
′
1,kl = c3,kl = 0 gives F¯
1
′
3
kl ,
c2,kl = c3,kl = 0 gives F¯
23
kl and c
′
2,kl = c
′
3,kl = 0 gives F¯
2
′
3
′
kl . For c1,kl = c
′
1,kl = 1, the cubic
equation gives that c
′
2,klc3,kl = c2,klc
′
3,kl, which implies that (c3,kl : c
′
3,kl) = (c3,kl :
c
′
2,kl
c3,kl
c2,kl
) =
(c2,kl : c
′
2,kl), so we obtain F¯
11
′
kl . In the same way c2,kl = c
′
2,kl = 1 gives F¯
22
′
kl and c3,kl = c
1
3,kl = 1
gives F¯ 33
′
kl . 
The non-trivial intersections of these boundary sets are as follows:
F¯ 12kl ∩ F¯
13
′
kl = ((0 : 1), (0 : 1), (1 : 0)), F¯
12
kl ∩ F¯
23
kl = ((0 : 1), (0 : 1), (0 : 1)),
F¯ 13
′
kl ∩ F¯
2
′
3
′
kl = ((0 : 1), (1 : 0), (1 : 0)), F¯
1
′
2
′
kl ∩ F¯
1
′
3
kl = ((1 : 0), (1 : 0), (0 : 1)),
F¯ 1
′
2
′
kl ∩ F¯
2
′
3
′
kl = ((1 : 0), (1 : 0), (1 : 0)), F¯
1
′
3
kl ∩ F¯
23
kl = ((1 : 0), (0 : 1), (0 : 1)),
F¯ 1
′
2
′
kl ∩ F¯
33
′
kl = ((1 : 0), (1 : 0), (1 : 1)), F¯
23
kl ∩ F¯
11
′
kl = ((1 : 1), (0 : 1), (0 : 1)),
F¯ 2
′
3
′
kl ∩ F¯
11
′
kl = ((1 : 1), (1 : 0), (1 : 0)), F¯
11
′
kl ∩ F¯
22
′
kl ∩ F¯
33
′
kl = ((1 : 1), (1 : 1), (1 : 1)).
7.2. The space F˜ as the blowup of F . In order to resolve the problem indicated in Remark 6.8
we will blowup the cubic surface F¯ij at the point ((1 : 1), (1 : 1), (1 : 1)). We denote by F the
hypersurface in CP 1 × CP 1 × CP 1 defined by
F = {((c1 : c
′
1), (c2 : c
′
2), (c3 : c
′
3))| c1c
′
2c3 = c
′
1c2c
′
3}.
Since the gradient of the cubic equation c1c
′
2c3 = c
′
1c2c
′
3, which defines this hypersurface, is non-
zero, it holds:
Lemma 7.2. F is a smooth manifold.
We prove the following:
Theorem 7.3. An universal space of parameters F˜ forG5,2 can be obtained as the blowup of F at
the point ((1 : 1), (1 : 1), (1 : 1)).
Before to proceed with the proof of Theorem 7.3 let us discuss the space F˜ in more detail.
Corollary 7.4. F˜ is a smooth compact four-manifold.
We describe this blowup in an neighborhood of the point ((1 : 1), (1 : 1), (1 : 1)).
Lemma 7.5. The blowup of the complex surface F = {((c1 : c
′
1), (c2 : c
′
2), (c3 : c
′
3)), c1c
′
2c3 =
c
′
1c2c
′
3} in an neighborhood of the point ((1 : 1), (1 : 1), (1 : 1)) is the surface F˜ ⊂ F × CP
1
defined by the equation:
(16) (1− c
′
1)x2 = (1− c
′
2)x1,
where (x1 : x2) ∈ CP
1.
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Proof. We proceed in a standard way for doing the blowup at the point ((1 : 1), (1 : 1), (1 : 1)).
Consider a neighborhood U of this point of the form ((1 : c
′
1), (1 : c
′
2), (1 : c
′
3)), where c
′
1 6= 0.
The cubic equation implies that c
′
2 = c
′
1c
′
3, so, since we assume c
′
1 6= 0 in this neighborhood, we
can take (c
′
1, c
′
2) as coordinates in U . Then the preimage of U \ {((1 : 1), (1 : 1), (1 : 1))} in
F˜ \CP 1 is an open submanifold of F ×CP 1 given by the equation (1− c
′
1)x2 = (1− c
′
2)x1. This
proves (16). 
Corollary 7.6. The open manifold F˜ \ {((0 : 1), (0 : 1), (c3 : c
′
3))} is given by the equation
(c1 − c
′
1)c2c
′
= c1(c2 − c
′
2)c.
Remark 7.7. The blowup construction implies that the projection map on the first coordinate π :
F˜ → F is an isomorphism between F˜ \ {((1 : 1), (1 : 1), (1 : 1))} × CP 1 and F \ {((1 : 1), (1 :
1), (1 : 1))}, and π−1((1 : 1), (1 : 1), (1 : 1)) = CP 1.
Remark 7.8. In the sequel, we write the points from F˜ \CP 1 in coordinates of the manifoldF and
the points from the divisor CP 1 ⊂ F˜ in the form (((1 : 1), (1 : 1), (1 : 1)), (c3 : c
′
3)).
Theorem 7.9. The universal space of parameters F˜ is homeomorphic to the space Y which is
the blowup of CP 1 × CP 1 at the points B1 = ((1 : 0), (1 : 0)), B2 = ((0 : 1), (0 : 1)) and
B3 = ((1 : 1), (1 : 1)).
Proof. The homeomorphism F˜ → Y is given by ((c1 : c
′
1), (c2 : c
′
2), (c3 : c
′
3)) → ((c1 : c
′
1), (c2 :
c
′
2)) at the points ((c1 : c
′
1), (c2 : c
′
2), (c3 : c
′
3)) for which ((c1 : c
′
1), (c2 : c
′
2)) 6= B1, B2, B3.
For the other points, this homeomorphism is given by ((1 : 0), (1 : 0), (c3 : c
′
3)) → (c3 : c
′
3) ∈
blowup(B1) ∼= CP
1, ((0 : 1), (0 : 1), (c3 : c
′
3)) → (c3 : c
′
3) ∈ blowup(B2)
∼= CP 1 and
((1 : 1), (1 : 1), (1 : 1), (c3 : c
′
3))→ (c3 : c
′
3) ∈ blowup(B3)
∼= CP 1. 
We provide an interpretation of the universal space of parameters in one more way. Let
U = (CP 1 × CP 1)\{((c1 : c
′
1), (1 : 0)), ((1 : 0), (c2 : c
′
2))}, V = CP
2\{(x : y : 0)}.
The following obviously holds:
Lemma 7.10. The map
(17) f : CP 1 × CP 1 −→ CP 2, f((c1 : c
′
1), (c2 : c
′
2)) = (c1c
′
2 : c
′
1c2 : c
′
1c
′
2)
has the following properties:
(1) f is defined everywhere except and the point ((1 : 0), (1 : 0)).
(2) The image of f is V .
(3) The space of parameters F of the main stratum belongs to U .
(4) f defines a homeomorphism f : U → V .
Lemma 7.10 implies that the map f induces a homeomorphism between the blowup of CP 1 ×
CP 1 at three points and the blow up of CP 2 at four points:
Corollary 7.11. The universal space of parameters F˜ is homeomorphic to the space Y obtained
as the blowup of CP 2 at four points (1 : 0 : 0), (0 : 1 : 0), (0 : 0 : 1), (1 : 1 : 1).
Proof. Let us consider the blowup CP 1 × CP 1 at the point ((1 : 0), (1 : 0)). We extend the
map (17) to the map f from this blowup to CP 2 by mapping the blowup((1 : 0), (1 : 0)) ∼= CP 1
to (x : y : 0) ⊂ CP 2. Then we consider the blowups of CP 2 at the points (1 : 0 : 0) and (0 : 1 : 0)
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and map to these blowups the sets {((1 : 0), (c2 : c
′
2))}and {((c1 : c
′
1), (1 : 0))}, respectively. We
obtain a homeomorphism between the blowup of CP 1×CP 1 at one point and the blowup of CP 2
at two points. Now, in addition, we do the blowup of CP 1×CP 1 at the points ((0 : 1), (0 : 1)) and
((1 : 1), (1 : 1)) and obtain the universal space of parameters. We accordingly do the blowup of
CP 2 at the points (0 : 0 : 1) and (1 : 1 : 1) and map to them these two new blowups ofCP 1×CP 1.
As a result we obtain the homeomorphism between the blowup of CP 1 × CP 1at three points and
the blowup of CP 2 at four points. 
Remark 7.12. The product CP 1 × CP 1 can be embedded into CP 3 by the Serge map. It follows
from (17) that there exists a mapping from CP 1 × CP 1 to CP 2 which is not defined at one point.
The proof of Corollary 7.11 shows that, after blowing up of CP 1 × CP 1 at that undefined point
and blowing up CP 2 at two points, we obtain a homeomorphism of these new spaces. We want to
point that this is a special case of the result from toric topology [9], which states that the blowup
of CP 1 × CP 1 at k points is homeomorphic to the blowup of CP 2 at k + 1 points for k > 1. The
proof of Corollary 7.11 provides an explicit description of this homeomorphism for k = 2.
Remark 7.13. In his seminal paper Kapranov [15] defined and studied the properties of the Chow
quotientGn,k/ (C
∗)n. It is established an isomorphism betweenGn,2/ (C∗)n and the Grothendieck-
Knudsen moduli spaceM0,n. Moreover, it is proved (Theorem 4.3.3, [15]) that the varietyM0,n can
be obtained from CP n−3 by series of blowups. In the first non-trivial case when n = 5, it implies
thatM0,5 is the blowup of CP
2 at four points. In addition, as it is pointed in [15], in the paper [18]
one can find a representation ofM0,n as an iterated blowup of (CP
1)n−3. From this representation
(see [18], page 555), it directly follows thatM0,5 is isomorphic to a blow up ofCP
1×CP 1 at three
points. Thus, by Theorem 7.9 and Corollary 7.11 we see in both ways that the universal space of
parameters F˜ for G5,2 is isomorphic to the Chow quotient G5,2/ (C
∗)5.
8. THE TRANSITION AUTOMORPHISMS FOR THE SPACES OF PARAMETERS OF THE STRATA
Consider the chartMkl and let z
kl
i , 1 ≤ i ≤ 6 be the coordinates in this chart. The main stratum
in this chart is given by the system of equations
(18) c
′
1,klz
kl
1 z
kl
5 = c1,klz
kl
2 z
kl
4 , c
′
2,klz
kl
1 z
kl
6 = c2,klz
kl
3 z
kl
4 , c
′
3,klz
kl
2 z
kl
6 = c3.klz
kl
3 z
kl
5 .
The set of parameters Fkl ∼= F of the main stratum in the coordinates of the chartMkl is given by
(19) Fkl = {((c1,kl : c
′
1,kl), (c2,kl : c
′
2,kl), (c3,kl : c
′
3,kl)) ∈ CP
1 × CP 1 × CP 1},
ci,kl, c
′
i,kl 6= 0, ci,kl 6= c
′
i,kl, c1,klc
′
2,klc3,kl = c
′
1,klc2,klc
′
3,kl.
We have that
c
′
3,kl =
c1,klc
′
2,kl
c
′
1,klc2,kl
c3,kl,
which implies
(c3,kl : c
′
3,kl) = (c3,kl :
c1,klc
′
2,kl
c
′
1,klc2,kl
c3,kl) = (c
′
1,klc2,kl : c1,klc
′
2,kl).
Thus, we can take
(20) c3,kl = c
′
1,klc2,kl, c
′
3,kl = c1,klc
′
2,kl.
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8.1. The transtion automorphisms for the space of parameters F of the main stratum. Con-
sider now the chartsM12 andM13.
Proposition 8.1. The homeomorphism f12,13 : F12 → F13 is given by
(21) ((c1,12 : c
′
1,12), (c2,12 : c
′
2,12), (c3,12 : c
′
3,12))→
→ ((c1,12 : c1,12 − c
′
1,12), (c2,12 : c2,12 − c
′
2,12), ((c1,12 − c
′
1,12)c
′
2,12c3,12 : c
′
1,12(c2,12 − c
′
2,12)c
′
3,12)).
Proof. The coordinates z12i and z
13
i , 1 ≤ i ≤ 6 are, onM12 ∩M13, related by
(22) z131 = −
z121
z124
, z132 = z
12
2 −
z121
z124
z125 , z
13
3 = z
12
3 −
z121
z124
z126 .
z134 =
1
z124
, z135 =
z125
z124
, z136 =
z126
z124
.
It follows that
(23) z131 z
13
5 = −
z121 z
12
5
(z124 )
2
, z132 z
13
4 =
z122 z
12
4 − z
12
1 z
12
5
(z124 )
2
, z131 z
13
6 = −
z121 z
12
6
(z124 )
2
,
z133 z
13
4 =
z123 z
12
4 − z
12
1 z
12
6
(z124 )
2
, z132 z
13
6 = z
12
6
z122 z
12
4 − z
12
1 z
12
5
(z124 )
2
, z133 z
13
5 = z
12
5
z123 z
12
4 − z
12
1 z
12
6
(z124 )
2
.
Therefore, the relation c
′
1,13z
13
1 z
13
5 = c1,13z
13
2 z
13
4 can be written as
c
′
1,13z
12
1 z
12
5 = c1,13(z
12
1 z
12
5 − z
12
2 z
12
5 )⇒ (c1,13 − c
′
1,13)z
12
1 z
12
5 = c1,13z
12
2 z
12
4 .
It follows from (18) that
c1,13 = c1,12, c
′
1,13 = c1,12 − c
′
1,12.
In the same way we deduce that
c2,13 = c2,12, c
′
2,13 = c2,12 − c
′
2,12.
From (18) we also deduce that
c1,kl
c
′
1,kl
=
zkl1 z
kl
5
zkl2 z
kl
4
,
c2,kl
c
′
2,kl
=
zkl1 z
kl
6
zkl3 z
kl
4
,
c3,kl
c
′
3,kl
=
zkl2 z
kl
6
zkl3 z
kl
5
.
Taking into account (23), it follows that
c
′
3,13 =
z125
z126
z123 z
12
4 − z
12
1 z
12
6
z122 z
12
4 − z
12
1 z
12
5
c3,13 =
z125
z126
z123 z
12
4
z122 z
12
4
c2,12
c
′
2,12
− 1
c1,12
c
′
2,12
− 1
c3,13 =
c
′
1,12(c2,12 − c
′
2,12)c
′
3,12
(c1,12 − c
′
1,12)c
′
2,12c3,12
c3,13.
Thus,
(c3,13 : c
′
3,13) = ((c1,12 − c
′
1,12)c
′
2,12c3,12 : c
′
1,12(c2,12 − c
′
2,12)c
′
3,12).

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Due to the fact that the group S5 permutes the charts it can be similarly explicitly constructed a
homeomorphism fij,kl : Fij → Fkl between the sets of parameters Fij and Fkl of the main stratum
for an arbitrary two chartsMij andMkl.
Since the homeomorphism fij,kl : Fij → Fkl is induced by the coordinate transition map for the
chartsMij andMkl, we deduce:
Lemma 8.2. For any three chartsMij ,Mkl andMmn it holds
fij,kl = fmn,kl ◦ fij,mn.
Corollary 8.3. The automorphisms fij,kl of the space of parameters F of the main stratum for
G5,2, which are induced by the coordinate transition maps between all charts, form a group. The
generators for this group are given by the set {fi0j0,kl, i0j0 6= kl} for any fixed i0j0.
8.2. The transition automorphisms for the spaces of parameters of other non one-orbit strata.
LetWσ be a non-orbit stratum, which is different from the main stratum. The stratumWσ does not
belong to all charts. We determine here the relation between the coordinate records of the set of
parameters Fσ forWσ in different charts which containWσ. We demonstrate this for one stratum,
which belongs to the charts M12 and M13. Due to an action of S5, the similar relation will hold
for an arbitrary stratum and arbitrary charts. The intersections of the charts M12 and M13 is, in
the coordinates of these charts, given by the condition z124 6= 0 and z
13
4 6= 0. Consider the stratum
whose admissible polytope is Pσ = K34(9), which belongs to the both of these charts. The stratum
Wσ is, in the chartM12, given by
z121 z
12
5 = z
12
2 z
12
4 , c
′
2,12z
12
1 z
12
6 = c2,12z
12
3 z
12
4 , c
′
3,12z
12
2 z
12
6 = c3,12z
12
3 z
12
5 ,
c2,12, c
′
2,12 6= 0, c2,12 6= c
′
2,12, c3,12, c
′
3,12 6= 0, c3,12 6= c
′
3,12. c
′
2,12c3,12 = c2,12c
′
3,12.
It follows that
c
′
3,12 =
c
′
2,12c3,12
c2,12
,
which implies
(c3,12 : c
′
3,12) = (c2,12 : c
′
2,12) = (c12 : c
′
12).
Thus, the set of parameters for the stratumWσ is, in the coordinates forM12, given by
Fσ,12 = {(c12 : c
′
12), c12, c
′
12 6= 0, c12 6= c
′
12}.
The stratumWσ is, in the chartM13, given by the equations:
(24) z132 = 0, c
′
2,13z
13
1 z
13
6 = c2,13z
13
3 z
13
4 , c2,13, c
′
2,13 6= 0, c2,13 6= c
′
2,13.
Thus, the set of parameters forWσ is, in the chartM13, given by
Fσ,13 = {(c13 : c
′
13), c13, c
′
13 6= 0, c13 6= c
′
13}.
Substituting the formulas (22) into (24) we obtain that a homeomorphism between Fσ,12 and Fσ,13
is given by:
(25) (c12 : c
′
12)→ (c12 : c12 − c
′
12).
Due to an action of the group S5, a homeomorphism fσ,ij,kl : Fσ,ij → Fσ,kl between the sets of
parameters Fσ,ij and Fσ,kl of a stratumWσ can be explicitly constructed for an arbitrary two charts
Mij andMkl such thatWσ ⊂Mij ,Mkl.
33
Lemma 8.4. For any three chartsMij ,Mkl andMmn such thatWσ ⊂ Mij,Mkl,Mmn, it holds
fσ,ij,kl = fσ,ij,mn ◦ fσ,mn,kl.
Corollary 8.5. The automorphisms fσ,ij,kl of the space of parameters Fσ of a stratumWσ, which
are induced by the coordinate transition maps between the charts which contain the stratumWσ,
form a group.
9. THE PROOF OF THEOREM 5.1
Taking into account Remark 6.8, we first prove that the set F˜ given by Theorem 7.3 is the
universal set of parameters in the following sense. Denote by F˜ij the coordinate record of F˜ in a
chart Mij . If Wσ ⊂ Mij , denote by F˜σ,ij ⊂ F˜ij a subset defined by c ∈ F˜σ,ij if and only if there
exists a sequence (xn, cn) ∈
◦
∆5,2 ×Fij such that cn → c in F˜ij and h
−1(xn, fij(cn)) converges to a
point fromWσ/T
5, for the earlier defined homeomoprhisms fij : Fij → F and h : W/T
n →
◦
∆5,2.
Theorem 9.1. For an arbitrary chartsMij andMkl, there is a homeomorphism f˜ij,kl : F˜ij → F˜kl
such that
(1) f˜ij,kl = fij,kl on Fij ,
(2) for any stratumWσ ⊂Mij ∩Mkl it holds f˜ij,kl(F˜σ,ij) = F˜σ,kl.
Since F˜ij ∼= F˜ for any {i, j} ⊂ {1, . . . , 5}, Theorem 9.1 implies:
Corollary 9.2. The automorphisms f˜ij,kl of the universal space of parameters F˜ , which are in-
duced by the coordinate transition maps between the charts, form a group.
It is enough to prove Theorem 9.1 for the charts M12 and M13, since all our arguments are
compatible with an action of the group S5. We need to prove that the homeomorphism f12,13 :
F12 → F13 given by
((c1,12 : c
′
1,12), (c2,12 : c
′
2,12), (c3,12 : c
′
3,12))→
→ ((c1,12 : c1,12 − c
′
1,12), (c2,12 : c2,12 − c
′
2,12), ((c1,12 − c
′
1,12)c
′
2,12c3,12 : c
′
1,12(c2,12 − c
′
2,12)c
′
3,12)),
can be extended to a homeomorphism f˜12,13 : F˜12 → F˜13. We proceed with the proof through the
following lemmas.
Lemma 9.3. The homeomorphism f12,13 is defined on F¯12,13 except on the sets F¯
1
′
2
′
12 , F¯
2
′
3
′
12 , F¯
1
′
3
12 , ((1 :
1), (1 : 1), (1 : 1)).
Proof. . It follows directly from the definition of f12,13 that f12,13 is not defined in the following
cases: c1 = c
′
1, c2 = c
′
2; c1 = c
′
1, c
′
3 = 0; c
′
1 = c
′
2 = 0; c
′
2 = c
′
3 = 0; c
′
1 = c3 = 0; c2 = c
′
2, c3 = 0.
Note that the relation c1c
′
2c3 = c
′
1c2c
′
3 gives that the sixth and the fifth case are the same, as well as
the second and the forth case. Therefore, f12,13 is not defined on the sets F¯
1
′
2
′
kl , F¯
2
′
3
′
kl , F¯
1
′
3
kl , ((1 :
1), (1 : 1), (1 : 1)). 
Let us consider now the set F¯ 1
′
3
12 = (1 : 0) × CP
1 × (0 : 1). We prove that f12,13 can be
continuously extended to this set.
Lemma 9.4. The homeomorphism f12,13 : F12 → F13 can be continuously extended to a homeo-
morphism f¯ 1
′
3
12,13 : F¯
1
′
3
12 → F¯
11
′
13 by f¯
1
′
3
12,13((1 : 0), (c2 : c
′
2), (0 : 1)) = ((1 : 1), (c2 : c2 − c
′
2), (c2 :
c2 − c
′
2)).
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Proof. Let us consider a point c0 = ((1 : 0), (c2 : c
′
2), (0 : 1)), where c2 6= 0 and let c(n) =
((c1,12(n) : c
′
1,12(n)), (c2,12(n) : c
′
2,12(n)), (c3,12(n) : c
′
3,12(n))) be a sequence of points from F12
which converges to c0 ∈ CP
1 × CP 1 × CP 1. It implies that
(c1,12(n) : c
′
1,12(n))→ (1 : 0)⇒ (1 :
c
′
1,12(n)
c1,12(n)
)→ (1 : 0)⇒
c
′
1,12(n)
c1,12(n)
→ 0,
(c3,12(n) : c
′
3,12(n))→ (0 : 1)⇒ (
c3,12(n)
c
′
3,12(n)
: 1)→ (0 : 1)⇒
c3,12(n)
c
′
3,12(n)
→ 0,
(c2,12(n) : c
′
2,12(n))→ (c2 : c
′
2)⇒ (1 :
c
′
2,12(n)
c2,12(n)
)→ (1 :
c
′
2
c2
)⇒
c
′
2,12(n)
c2,12(n)
→
c
′
2
c2
.
Since c(n) ∈ F12 we see that f12,13(c(n)) is well defined and
(c1,12(n) : c1,12(n)− c
′
1,12(n)) = (1 : 1−
c
′
1,12(n)
c1,12(n)
)→ (1 : 1),
(c2,12(n) : c2,12(n)− c2,12(n)
′
) = (1 : 1−
c
′
2,12(n)
c2,12(n)
)→ (1 : 1−
c
′
2
c2
).
Since c(n) ∈ F12, it follows that c(n) satisfies the cubic equation, so we obtain
c
′
1,12(n)c
′
3,12(n) =
c1,12(n)c
′
2,12(n)c3,12(n)
c2,12(n)
.
It implies that
((c
′
1,12(n)− c1,12(n))c
′
2,12(n)c3,12(n) : c
′
1,12(n)(c
′
2,12(n)− c2,12(n))c
′
3,12(n)) =
((c
′
1,12(n)− c1,12(n))c
′
2,12(n)c3,12(n) :
c1,12(n)c
′
2,12(n)c3,12(n)
c2,12(n)
)(c
′
2,12(n)− c2,12(n)) =
((c
′
1,12(n)− c1,12(n) :
c1,12(n)
c2,12(n)
(c
′
2,12(n)− c2,12(n))) = (1 :
1−
c
′
2,12(n)
c2,12(n)
1−
c
′
1,12(n)
c1,12(n)
)→ (1 : 1−
c
′
2
c2
).
In this way we conclude that
h12,13(c(n))→ ((1 : 1), (1 : 1−
c
′
2
c2
), (1 : 1−
c
′
2
c2
)).
Therefore, we set
f¯ 1
′
3
12,13((1 : 0), (c2 : c
′
2), (0 : 1)) = ((1 : 1), (1 : 1−
c
′
2
c2
), (1 : 1−
c
′
2
c2
)),
where c2 6= 0.
For c2 = 0we obtain the point ((1 : 0), (0 : 1), (0 : 1)) and, for a sequence c(n)which converges
to this point, it holds
c
′
1,12(n)
c1,12(n)
→ 0,
c2,12(n)
c
′
2,12(n)
→ 0,
c3,12(n)
c
′
3,12(n)
→ 0.
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If we consider the sequence f12,13(c(n)) we obtain
(c1,12(n) : c1,12(n)− c
′
1,12(n)) = (1 : 1−
c
′
1,12(n)
c1,12(n)
)→ (1 : 1),
(c2,12(n) : c2,12(n)− c
′
2,12(n)) = (
c2,12(n)
c
′
2,12(n)
:
c2,12(n)
c
′
2,12(n)
− 1)→ (0 : 1),
Since c(n) ∈ F12, it follows that c(n) satisfies the cubic equation which implies
c
′
2,12(n)c3,12(n) =
c
′
1,12(n)c
′
2,12(n)c
′
3,12(n)
c1,12(n)
.
Substituting this into the third coordinate for f12,13(c(n)) we obtain
((c
′
1,12(n)− c1,12(n))c
′
2,12(n)c3,12(n) : c
′
1,12(n)(c
′
2,12(n)− c2,12(n))c
′
3,12(n)) =
((c
′
1,12(n)− c1,12(n))
c
′
1,12(n)c2,12(n)c
′
3,12(n)
c1,12(n)
: c1,12(n)c
′
3,12(n)(c
′
2,12(n)− c2,12(n))) =
((c
′
1,12(n)− c1,12(n))
c
′
1,12(n)c2,12(n)
c1,12(n)
: c1,12(n)(c
′
2,12(n)− c2,12(n))) =
((
c
′
1,12(n)
c1,12(n)
− 1)
c
′
1,12(n)
c1,12(n)
c2,12(n) : c
′
2,12(n)− c2,12(n)) =
((
c
′
1,12(n)
c1,12(n)
− 1)
c
′
1,12(n)
c1,12(n)
c2,12(n)
c
′
2,12(n)
: 1−
c2,12(n)
c
′
2,12(n)
) =
(
(
c1,12(n)
′
c1,12(n)
− 1)
c
′
1,12(n)
c1,12(n)
c2,12(n)
c
′
2,12(n)
1− c2,12(n)
c
′
2,12(n)
: 1)→ (0 : 1).
Therefore, we define
f¯ 1
′
3
12,13((1 : 0), (1 : 0), (0 : 1)) = ((1 : 1), (0 : 1), (0 : 1)).

In a similar way it can be proved:
Lemma 9.5. The homeomorphism f12,13 : F12 → F13 can be continuously extended to a home-
omorphism f¯ 2
′
3
′
12,13 : F¯
2
′
3
′
12 → F¯
22
′
13 by f¯
2
′
3
′
12,13((c1 : c
′
1), (1 : 0), (1 : 0)) = ((c1 : c1 − c
′
1), (1 :
1), (c1 − c
′
1 : c1)).
Proof. Let c0 = ((c1 : c
′
1), (1 : 0), (1 : 0)) and let a sequence c(n) ∈ F12 converges to c0. It implies
that
c
′
1(n)
c1(n)
→
c
′
1
c1
,
c
′
2(n)
c2(n)
→ 0,
c
′
3(n)
c3(n)
→ 0.
Therefore,
(c1(n) : c1(n)− c
′
1(n))→ (1 : 1−
c
′
1
c1
), (c2(n) : c2(n)− c
′
2(n))→ (1 : 1),
((c1,12(n)− c
′
1,12(n))c
′
2,12(n)c3,12(n) : c
′
1,12(n)(c2,12(n)− c
′
2,12(n))c
′
3,12(n)) =
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((c1,12(n)− c
′
1,12(n))c
′
2,12(n)c3,12(n) :
c1,12(n)c
′
2,12(n)c3,12(n)
c2,12(n)
(c2,12(n)− c
′
2,12(n))) =
(c1,12(n)− c
′
1,12(n) :
c1,12(n)
c2,12(n)
(c2,12(n)− c
′
2,12(n))) =
(1 :
1−
c
′
2,12(n)
c2,12(n)
1−
c
′
1,12(n)
c1,12(n)
)→ (c1 − c
′
1 : c1).

Lemma 9.6. The homeomorphism f12,13 : F12 → F13 continuously extends to a constant map
f¯ 1
′
2
′
12,13 : F¯
1
′
2
′
12 → F¯
11
′
13 ∩ F¯
22
′
13 ∩ F
33
′
13 by f¯
1
′
2
′
12,13((1 : 0), (1 : 0), (c3 : c
′
3)) = ((1 : 1), (1 : 1), (1 : 1)).
Proof. Let c0 = ((1 : 0), (1 : 0), (c3 : c
′
3)) and let c(n) be a sequence of points from F12 which
converges to c0. It holds:
(c1,12(n) : c
′
1,12(n))→ (1 : 0)⇒
c
′
1.12(n)
c1,12(n)
→ 0,
(c2,12(n) : c
′
2,12(n))→ (1 : 0)⇒
c
′
2,12(n)
c2,12(n)
→ 0,
(c3,12(n) : c
′
3,12(n))→ (c3 : c
′
3)⇒
c
′
3,12(n)
c3,12(n)
→
c
′
3
c3
.
It implies that
(c1,12(n) : c1,12(n)− c
′
1,12(n)) = (1 : 1−
c
′
1,12(n)
c1,12(n)
)→ (1 : 1),
(c2,12(n) : c2,12(n)− c
′
2,12(n)) = (1 : 1−
c
′
2,12(n)
c2,12(n)
)→ (1 : 1),
((c1,12(n)− c
′
1,12(n))c
′
2,12(n)c3,12(n) : c
′
1,12(n)(c2,12(n)− c
′
2,12(n))c
′
3,12(n)) =
((c1,12(n)− c
′
1,12(n))c
′
2,12(n)c3,12(n) :
c1,12(n)c
′
2,12(n)c3,12(n)
c2,12(n)
(c2,12(n)− c
′
2,12(n))) =
(c1,12(n)− c
′
1,12(n) :
c1,12(n)
c2,12(n)
(c2,12(n)− c
′
2,12(n))) = (1 :
1−
c
′
2,12(n)
c2,12(n)
1−
c
′
1,12(n)
c1,12(n)
)→ (1 : 1).
Therefore, the homeomorphism f12,13 continuously extends to f¯
1
′
2
′
12,13 : F¯
1
′
2
′
12 → ((1 : 1), (1 : 1), (1 :
1)) = F¯ 11
′
13 ∩ F¯
22
′
13 ∩ F¯
33
′
13 .

Lemma 9.7. The homeomorphism f12,13 : F12 → F13 can not be continuously extended to the
point ((1 : 1), (1 : 1), (1 : 1)) ∈ F¯12.
Proof. Let us consider the point ((1 : 1), (1 : 1), (1 : 1)) and a sequence c(n) ∈ F12 which
converges to this point. Then
(c1,12(n) : c1,12(n)− c
′
1,12(n)) = (1 : 1−
c
′
1,12(n)
c1,12(n)
)→ (1 : 0),
(c2,12(n) : c2,12(n)− c
′
2,12(n)) = (1 : 1−
c
′
2,12(n)
c2,12(n)
)→ (1 : 0),
((c1,12(n)− c
′
1,12(n))c
′
2,12(n)c3,12(n) : c
′
1,12(n)(c2,12(n)− c
′
2,12(n))c
′
3,12(n)) =
(c1,12(n)− c
′
1,12(n) :
c1,12(n)
c2,12(n)
(c2,12(n)− c
′
2,12(n))) = (1 :
1−
c
′
2,12(n)
c2,12(n)
1−
c
′
1,12(n)
c1,12(n)
).
Since
c
′
1,12(n)
c1,12(n)
→ 1 and
c
′
2,12(n)
c2,12(n)
→ 1 we deduce that the above limit is not defined, so f12,13 can not
be continuously extended to the point ((1 : 1), (1; 1), (1 : 1)) . 
Remark 9.8. As Lemma 9.4 and Lemma 9.5 show the problem with an extension of the homeo-
morphism f12,13 : F12 → F13 to the boundary of F12 in CP
1 × CP 1 × CP 1, arises at the points
from F¯ 1
′
2
′
12 and at the point ((1 : 1), (1 : 1), (1 : 1)). That is the reason for considering the blowup
of F at the point ((1 : 1), (1 : 1), (1 : 1)) as an universal set of parameters.
Denote by f¯12,13 an extension of the homeomorphism f12,13 : F12 → F13 to F \ {F¯
1
′
2
′
12 ∪ ((1 :
1), (1 : 1), (1 : 1))}.
We now prove the first statement of Theorem 9.1.
Proposition 9.9. The map f˜12,13 : F˜12 → F˜13 defined by
(26) f˜12,13 = f¯12,13 ◦ π on F˜12 \G12,
(27) f˜12,13(((1 : 0), (1 : 0), (c3 : c
′
3)), (1 : 1)) = (((1 : 1), (1 : 1), (1 : 1)), (c3 : c
′
3)),
(28) f˜12,13(((1 : 1), (1 : 1), (1 : 1)), (c : c
′
)) = (((1 : 0), (1 : 0), (c : c
′
)), (1 : 1)),
where G12 = (((1 : 1), (1 : 1), (1 : 1)), (c3 : c
′
3)) ∪ (((1 : 0), (1 : 0), (c3 : c
′
3)), (1 : 1)), (c3 : c
′
3) ∈
CP 1 and π : F˜ → F is a projection, is a homeomorphism.
Proof. It follows from Lemma 9.4 and Lemma 9.5 that the map f12,13 continuously extends to a
homeomorphism f 1
′
3
12,13 : F¯
1
′
3
12 → F¯
11
′
13 defined by f
1
′
3
12,13((1 : 0), (c2 : c
′
2), (0 : 1)) = ((1 : 1), (c2 :
c2 − c
′
2), (c2 : c2 − c
′
2)) and a homeomorphism f
2
′
3
′
12,13 : F¯
2
′
3
′
12 → F¯
22
′
13 defined by f
2
′
3
′
12,13((c1 :
c
′
1), (1 : 0), (1 : 0)) = ((c1 : c1 − c
′
1), (1 : 1), (c1 − c
′
1 : c1)). Together with Remark 7.7 this
provides the proof for (26). In order to define an extension of f12,13 on F˜12 we need to define
this extension on the set F¯ 1
′
2
′
12 and the divisor ((1 : 1), (1 : 1), (1 : 1)), (c : c
′
)). The set F¯ 1
′
2
′
12
ca be embedded into F˜12 as (((1 : 0), (1 : 0), (c3 : c
′
3)), (1 : 1)). Let us consider a sequence
y(n) = (((1 : c
′
1(n)), (1 : c
′
2(n)), (c3(n) : c
′
3(n))), (1 − c
′
1(n) : 1 − c
′
2(n))) from π
−1(F12) ⊂ F˜12
which converges to a point (((1 : 0), (1 : 0), (c3 : c
′
3)), (1 : 1)). It holds
f˜12,13(yn) = f12,13(π(yn)) = ((1 : 1−c
′
1(n)), (1 : 1−c
′
1(n)), ((1−c
′
1(n))c
′
2(n)c3(n) : c
′
1(n)(1−c
′
2(n))c
′
3(n))).
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The fourth coordinate of the point f˜12,13(yn) in F˜12,13 is (c3(n) : c
′
3(n)). Namely, the fourth
coordinate of this point is (x1(n) : x2(n)) such that that c
′
1(n)x2(n) = c
′
2(n)x1(n), which implies
that (x1(n) : x2(n)) = (1 :
c
′
2
(n)
c
′
1
(n)
). The cubic equation implies that (x1(n) : x2(n)) = (c3(n) :
c
′
3(n)). Since by Lemma 9.6 the continuous extension of f12,13 on F¯
2
′
3
′
12 maps F¯
2
′
3
′
12 to ((1 : 1), (1 :
1), (1 : 1)) we obtain that the sequence f˜12,13(yn) ⊂ F˜13 converges to the point (((1 : 1), (1 :
1), (1 : 1)), (c3 : c
′
3)). This proves the formula (27). The formula (28) follows in a similar way
from (16) in Lemma 7.5. 
We prove the second statement of Theorem 9.1, which states that a homeomorphic type of F˜σ,ij
does not depend on a chartMij :
Proposition 9.10. Let Wσ ⊂ Mij ,Mkl. Then f˜ij,kl(F˜σ,ij) = F˜σ,kl for the homeomorphism f˜ij,kl :
F˜ij → F˜kl.
Proof. The proof immediately follows: a sequence zn from the main stratum, which converges to a
point fromWσ defines, when considering it in the chartsMij andMkl, the sequences of parameters
cijn and c
kl
n . We have that c
kl
n = fij,kl(c
ij
n ), which implies that f˜ij,kl( lim
n→∞
cijn ) = lim
n→∞
ckln , which
proves the statement. 
In this way the proof of Theorem 9.1 is completed.
Now we prove Theorem 5.1 which states that any stratum in G5,2 can be parametrized by con-
sidering the universal set of parameters just in one chart. Fix a chartMij and consider an arbitrary
stratum Wσ. Let Mkl be an arbitrary chart such that Wσ ⊂ Mkl and F˜σ,kl be the virtual space of
parameters forWσ in the chartMkl. Let
F˜σ,ij,kl = f˜kl,ij(F˜σ,kl) ⊂ F˜ij,
for the homeomorphism f˜kl,ij : F˜kl → F˜ij .
Proposition 9.11. It holds
F˜σ,ij,kl = F˜σ,ij,mn,
for any chartsMkl,Mmn such thatWσ ⊂Mkl,Mmn.
Proof. Consider the homeomorphisms f˜ij,kl : F˜ij → F˜kl, f˜ij,mn; F˜ij → F˜mn and f˜kl,mn : F˜kl →
F˜mn. Clearly Lemma 8.2 holds after extension to blowup, that is f˜kl,ij = f˜mn,ij ◦ f˜kl,mn. By Propo-
sition 9.10 we have that f˜kl,mn(F˜σ,kl) = F˜σ,mn, which implies that f˜kl,ij(F˜σ,kl) = f˜mn,ij(F˜σ,mn),
that is F˜σ,ij,kl = F˜σ,ij,mn. 
Remark 9.12. The set F˜σ,ij,kl we denote by F˜σ,ij . Note that in this way we defined the sets F˜σ,ij for
an arbitrary chartMij and an arbitrary admissible set σ.
Proposition 9.11 can be reformulated as follows:
Proposition 9.13. Any stratum Wσ in G5,2 can be parametrized by F˜σ,ij ⊂ F˜ij such that for any
two chartMkl,Wσ ⊂Mkl it holds f˜ij,kl(F˜σ,ij) = F˜σ,kl.
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9.1. The virtual spaces of parameters in the chart M12. Using Theorem 9.1 we describe here
the virtual spaces of parameters F˜σ,12 ⊂ F˜12 for the strata Wσ whose admissible polytopes are
Kij(9), Kij,kl, Kij(7), Pij, Oi.
Theorem 9.14. The virtual space of parameters F˜σ,12 for a stratumWσ whose admissible polytope
isKij(9), Kij,kl, Kij(7), Pij, Oi is as follows:
(1) K12(9)→ (((1 : 1), (1 : 1), (1 : 1)), (c : c
′
)), Kij(9)→ F˜ij,12, ij 6= 12;
(2) K12,34 → (((1 : 1), (1 : 1), (1 : 1)), (0 : 1)), K12,35 → (((1 : 1), (1 : 1), (1 : 1)), (1 : 0));
(3) K12,45 → (((1 : 1), (1 : 1), (1 : 1)), (1 : 1)), Kij,kl → F˜(ij,kl),12, ij 6= 12;
(4) K34(7)→ ((1 : 1), (c : c
′
), (c : c
′
)), K35(7)→ ((c : c
′
), (1 : 1), (c
′
: c));
(5) K45(7)→ ((c : c
′
), (c : c
′
), (1 : 1)), K12(7)→ (((1 : 1), (1 : 1), (1 : 1)), (c : c
′
));
(6) O1 → F12 ∪ F˜12,12 ∪ F˜13,12 ∪ F˜14,12 ∪ F˜15,12;
(7) O2 → F12 ∪ F˜12,12 ∪ F˜23,12 ∪ F˜24,12 ∪ F˜25,12;
(8) P34 → ((1 : 1), (c : c
′
), (c : c
′
)), P35(7)→ ((c : c
′
), (1 : 1), (c
′
: c));
(9) P45(7)→ ((c : c
′
), (c : c
′
), (1 : 1)), P12(7)→ (((1 : 1), (1 : 1), (1 : 1)), (c : c
′
));
(10) Kij(7)→ F˜ij,12(7), Pij → F˜ij,12(6), ij 6= 34, 34, 45, 12, Oi → F˜i,12, i 6= 1, 2.
where (c : c
′
) ∈ CP 1.
Proof. We demonstrate the proof for the stratum whose admissible polytope is K12(9). This stra-
tum belongs to the chartM13 and it can be directly checked that F˜12,13 = ((1 : 0), (1 : 0), (c3 : c
′
3)),
(c3 : c
′
3) ∈ CP
1
A. It follows from Proposition 9.9 that F˜12,12 = f˜
−1
12,13(F˜12,13) = (((1 : 1), (1 :
1), (1 : 1)), (c3 : c
′
3)), which proves the first statement. Note that for the strata with the admissible
polytopes O1 and O2, the statement follows from Remark 6.6. 
9.2. The projection from F˜σ,ij to Fσ. We prove that, using this construction, we can define a
projection from F˜σ,ij to Fσ for any non-orbit stratumWσ and any chartMij , .
Assume first that Fσ is not a point. If Wσ ⊂ Mij , from the construction of F˜σ,ij it follows that
there is a canonical projection g˜σ,ij : F˜σ,ij → Fσ,ij . If Wσ 6⊂ Mij , let Mkl be a chart such that
Wσ ⊂ Mkl and let g˜σ,kl : F˜σ,kl → Fσ,kl be a canonical projection. Let f˜ij,kl : F˜σ,ij → F˜σ,kl be the
homeomorphism given by Theorem 9.1. We obtain a projection g˜σ,ij,kl : F˜σ,ij → Fσ,kl defined by
the composition
(29) F˜σ,ij
f˜ij,kl
→ F˜σ,kl
g˜σ,kl
→ Fσ,kl.
Let fσ,kl,mn : Fσ,kl → Fσ,mn be the homeomorphism defined in 8.1 and 8.2. From the construc-
tion of F˜σ,ij it directly follows:
Lemma 9.15. IfWσ ⊂Mkl,Mmn then
fσ,kl,mn ◦ g˜σ,kl = g˜σ,mn ◦ f˜kl,mn.
Thus, we obtain a projection g˜σ,ij : F˜σ,ij → Fσ defined by the map
(30) gσ,ij,kl = fσ,kl ◦ g˜σ,ij,kl.
The projection g˜σ,ij does not depend on the choice of a chartMkl, such thatWσ ⊂Mkl.
Proposition 9.16. It holds gσ,ij,kl = gσ,ij,mn for any σ ∈ A and any charts Mkl,Mmn, such that
Wσ ⊂Mkl,Mmn.
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Proof. Combining Lemma 8.2 and Lemma 9.15 we obtain the following commutative diagram:
F˜σ,ij
f˜ij,kl
−−−→ F˜σ,kl
g˜σ,kl
−−−→ Fσ,kl
fσ,kl
−−−→ Fσy≡ yf˜kl,mn yfkl,mn y≡
F˜σ,ij
f˜ij,mn
−−−→ F˜σ,mn
g˜σ,mn
−−−→ Fσ,mn
fσ,kl
−−−→ Fσ,
which proves the statement. 
If Fσ is a point then gσ,ij : F˜σ,ij → Fσ is obviously uniquely defined.
Altogether this leads:
Corollary 9.17. There exists a canonical projection gσ,ij : F˜σ,ij → Fσ for any σ ∈ A and any
chartMij .
Remark 9.18. We pointed in Remark 4.19 that if Wσ ⊂ Mij and Fσ is a point, one can not write
down this point in the parameter coordinates for the chart Mij . Thus, in this case Fσ,ij is not
defined, so it is not defined a projection F˜σ,ij → Fij,σ. Nevertheless the projection F˜σ,ij → Fσ is
uniquely defined.
The space F˜σ,ij is in general larger then the space of parameters Fσ as Proposition 6.3 shows.
10. AN ALGEBRAIC MANIFOLD IN (CP 1)5 WHICH REALIZES F˜
We prove that the space of parameters F of the main stratum, as well as its compactification F˜
which we have described in previous sections can be realized by algebraic submanifolds in (CP 1)5.
Proposition 10.1. There is an embedding I : F → (CP 1)5.
Proof. Let L be a point from the main stratum W of G5,2 and AL an arbitrary (5 × 2)- matrix
representing L. The rows of the matrix L define the five non-collinear points in C2. We enu-
merate them by the rows which define them, that is 1, 2, 3, 4, 5. We choose the following 5 lex-
icographically ordered variations of four of these five points: 1234, 1235, 1245, 1345, 2345 and
map them to C∗ by the cross-ratio from projective geometry. More precisely, we consider the map
{1234, 1235, 1245, 1345, 2345}→ C∗ defined by
(31) 1234→
P 13P 24
P 14P 23
, 1235→
P 13P 25
P 15P 23
, 1245→
P 14P 25
P 15P 24
,
(32) 1345→
P 14P 35
P 15P 34
, 2345→
P 24P 35
P 25P 34
.
where P ik = P ik(AL) are the Plu¨cker coordinates for L.
Using this map we obtain a map from the main stratum W to (CP 1)5 defined by ijkl →
(P ikP jl : P ilP jk) ∈ CP 1. Note that this new map is well defined, it does not depend on the
choice of a basis for L neither on the choice of a basis in Cn, since Plu¨cker coordinates are de-
fined uniquely up to common constant. This map is clearly equivariant for the action of the torus
(C∗)5, since Plu¨cker coordinates are equivariant for this action. In this we obtain an embedding of
F = W/(C∗)5 in (CP 1)5. 
Let (ci : c
′
i), 1 ≤ i ≤ 5, be coordinates in (CP
1)5. We describe an algebraic manifold in (CP 1)5
which contains the image of F by the above map ijkl → P
ikP jl
P ilP jk
.
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Proposition 10.2. The image of an embedding I : F → (CP 1)5 belongs to the intersection of the
following hypers urfaces
(33) c1c
′
2c3 = c
′
1c2c
′
3, c
′
2c4(c1 − c
′
1) = c
′
1c
′
4(c2 − c
′
2),
(34) (c1 − c
′
1)c2c5 = c1(c2 − c
′
2)c
′
5, c3c
′
4c5 = c
′
3c4c
′
5.
Proof. It immediately follows from (31) that the first equation in (33) is satisfied. We now use this
conclusion and properties of the cross-ratio. Since
1324→ 1−
c1
c
′
1
, 1325→ 1−
c2
c
′
2
, 1345→
c4
c
′
4
,
we analogously obtain that
(c
′
1 − c1)c
′
2c4 = c
′
1(c
′
2 − c2)c
′
4.
Since
2314→ 1−
c
′
1
c1
, 2315→ 1−
c
′
2
c2
, 2345→
c5
c
′
5
,
we conclude that
(c1 − c
′
1)c2c5 = c1(c2 − c
′
2)c
′
5.
Since
4512→
c
′
3
c3
, 4513→
c4
c
′
4
, 4523→
c5
c
′
5
,
it follows that
c3c
′
4c5 = c
′
3c4c
′
5.

Denote by G an algebraic manifold in (CP 1)5 obtained as the intersection of the surfaces given
by Proposition 10.2.
Lemma 10.3. The virtual spaces of parameters F˜ij,12 ∼= CP
1
A of the strata whose admissible
polytopes areKij(9) for T
5-action on G5,2, can be embedded into G as follows:
(1) F˜13,12 → ((0 : 1), (0 : 1), (c : c
′
), (1 : 1), (c
′
: c)),
(2) F˜14,12 → ((1 : 0), (c : c
′
), (0 : 1), (0 : 1), (c− c
′
: c)),
(3) F˜15,12 → ((c : c
′
), (1 : 0), (1 : 0), (1 : 0), (c : c− c
′
)),
(4) F˜23,12 → ((1 : 0), (1 : 0), (c : c
′
), (c : c
′
), (1 : 1)),
(5) F˜24,12 → ((0 : 1), (c : c
′
), (1 : 0), (c
′
− c : c
′
), (0 : 1)),
(6) F˜25,12 → ((c : c
′
), (0 : 1), (0 : 1), (c
′
: c
′
− c), (1 : 0)),
(7) F˜34,12 → ((1 : 1), (c : c
′
), (c : c
′
), (1 : 0), (1 : 0)),
(8) F˜35,12 → ((c : c
′
), (1 : 1), (c
′
: c), (0 : 1), (0 : 1)),
(9) F˜12,12 → ((1 : 1), (1 : 1), (1 : 1), (c : c
′
), (c : c
′
)),
(10) F˜45,12 → ((c : c
′
), (c : c
′
), (1 : 1), (1 : 1), (1 : 1)).
Proof. The stratumWij whose admissible polytope isKij(9) is defined by the condition that P
ij =
0. Combining this and (31), (32) we immediately obtain the embeddings (1) − (8). In order to
prove that the embeddings (9) and (10) hold we use in addition the Plu¨cker relations presented in
Example 2.3. 
In the same way we prove the following lemmas:
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Lemma 10.4. The virtual spaces of parameters F˜(ij,kl),12 ∼= {∗} of the strata whose admissible
polytopes areKij,kl can be embedded into G as follows
• F˜(14,23),12 → ((1 : 0), (1 : 0), (0 : 1), (0 : 1), (1 : 1)),
• F˜(13,24),12 → ((0 : 1), (0 : 1), (1 : 0), (1 : 1), (0 : 1)),
• F˜(15,24),12 → ((0 : 1), (1 : 0), (1 : 0), (1 : 0), (0 : 1)),
• F˜(23,45).12 → ((1 : 0), (1 : 0), (1 : 1), (1 : 1), (1 : 1)),
• F˜(24,35),12 → ((0 : 1), (1 : 1), (1 : 0), (0 : 1), (0 : 1)),
• F˜(25,34),12 → ((1 : 1), (0 : 1), (0 : 1), (1 : 0), (1 : 0)),
• F˜(15,23),12 → ((1 : 0), (1 : 0), (1 : 0), (1 : 0), (1 : 1)),
• F˜(13,25),12 → ((0 : 1), (0 : 1), (0 : 1), (1 : 1), (1 : 0)),
• F˜(14,25),12 → ((1 : 0), (0 : 1), (0 : 1), (0 : 1), (1 : 0)),
• F˜(13,45),12 → ((0 : 1), (0 : 1), (1 : 1), (1 : 1), (1 : 1)),
• F˜(14,35),12 → ((1 : 0), (1 : 1), (0 : 1), (0 : 1), (0 : 1)),
• F˜(15,34),12 → ((1 : 1), (1 : 0), (1 : 0), (1 : 0), (1 : 0)).
• F˜(12,34),12 → ((1 : 1), (1 : 1), (1 : 1), (1 : 0), (1 : 0)),
• F˜(12,35),12 → ((1 : 1), (1 : 1), (1 : 1), (0 : 1), (0 : 1)),
• F˜(12,45),12 → ((1 : 1), (1 : 1), (1 : 1), (1 : 1), (1 : 1)).
Lemma 10.5. The virtual spaces of parameters F˜ij,12(7) ∼= CP
1 of the strata whose admissible
polytopes areKij(7) can be embedded into G as follows
• F˜23,12(7)→ ((1 : 0), (1 : 0), (c : c
′
), (c : c
′
), (1 : 1)),
• F˜24,12(7)→ ((0 : 1), (c : c
′
), (1 : 0), (c
′
− c : c
′
), (0 : 1)),
• F˜25,12(7)→ ((c : c
′
), (0 : 1), (0 : 1), (c : c
′
− c), (1 : 0)),
• F˜13,12(7)→ ((0 : 1), (0 : 1), (c : c
′
), (1 : 1), (c
′
: c)),
• F˜14,12(7)→ ((1 : 0), (c : c
′
), (0 : 1), (0 : 1), (c− c
′
: c)),
• F˜15,12(7)→ ((c : c
′
), (1 : 0), (1 : 0), (1 : 0), (c : c− c
′
)),
• F˜12,12(7)→ ((1 : 1), (1 : 1), (1 : 1), (c : c
′
), (c : c
′
)),
• F˜34,12(7)→ ((1 : 1), (c : c
′
), (c : c
′
), (1 : 0), (1 : 0)),
• F˜35,12(7)→ ((c : c
′
), (1 : 1), (c
′
: c), (0 : 1), (0 : 1)),
• F˜45,12(7)→ ((c : c
′
), (c : c
′
), (1 : 1), (1 : 1), (1 : 1)).
Lemma 10.6. The virtual spaces of parameters F˜i,12 ∼= {(c1 : c
′
1), (c2 : c
′
2), (c3 : c
′
3))|c1c
′
2c3 =
c
′
1c2c
′
3, c3, c
′
3 6= 0, c3 6= c
′
3} of the strata whose admissible polytopes are Oi can be embedded into
G.
Proof. The virtual space of parameters for Oi is given by F˜i,12 = F ∪ (∪j 6=iF˜ij,12). An embedding
of F˜i in G is given by (31), (32) and Lemma 10.3. 
In an analogous way we verify an existence of the embedding of virtual spaces of parameters for
all other strata. Since the virtual spaces of parameters F˜σ,12 produce a compactification of F that
coincides with F˜ , previous lemmas together with Proposition 10.1 and Proposition 10.2 imply:
Theorem 10.7. The embedding I : F → (CP 1)5 extends to an embedding Iˆ : F˜ → (CP 1)5, such
that Iˆ(F˜) ⊂ G.
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Since F˜ and G are compact manifolds of the same dimension we deduce:
Corollary 10.8. The universal space of parameters F˜ is homeomorphic to the algebraic manifold
G ⊂ (CP 1)5.
11. THE ORBIT SPACE G5,2/T
5
11.1. Summary. We summarize results from previous sections about Fσ,ij and F˜σ,ij for all ad-
missible polytopes Pσ.
(1) Pσ = ∆5,2 then Fσ ∼= F˜σ,ij ∼= F ,
(2) Pσ = Kpq(9) then Fσ ∼= F˜σ,ij ∼= CP
1
A,
(3) Pσ = Ol then Fσ ∼= CP
1
A and F˜σ,ij
∼= (CP 1A × CP
1 × CP 1) ∩ F˜ ,
(4) Pσ = Kkl,mn then Fσ = F˜σ,ij is a point,
(5) Pσ 6= ∆5,2, Kpq(9), Ol, Kkl,mn then Fσ is a point and F˜σ,ij is not a point.
11.2. Description of the orbit space G5,2/T
5. Let P be the formal union of all admissible poly-
topes:
(35) P = ∪σ∈APσ.
Denote by p˜ : P → ∆5,2 the canonical projection. There is a canonical map µ˜ : G5,2/T
5 → P
defined by
(36) µ˜(X) = x ∈ Pσ if and only if X ∈ Wσ/T
5 and p˜(x) = µˆ(X).
In other words µ˜ is defined by
p˜ ◦ µ˜ = µˆ.
We assume P to be equipped with the topology induced by the map µ˜: U ⊂ P is an open set if
and only if µ˜−1(U) is an open in G5,2/T 5. Note that P is a compact space for this topology.
Let us consider the set
(37) E = ∪σ∈A
◦
P σ × F˜σ,ij .
The embeddings
◦
P σ →֒ P and F˜σ,ij →֒ F˜ define a canonical map f : E → P × F̂ . It follows
from the definition of F˜ and the description of admissible polytopes that the map f is a surjection.
We assume that E is equipped with the topology induced by the map f , that is U ⊂ E is an open set
if and only if f(U) is an open set in P × F˜ . The space E is a compact space for this topology. By
Theorem 9.1, considering all charts for G5,2, we obtain in this way ten homeomorphic topological
spaces .
Recall that G5,2/T
5 = ∪σ∈AWσ/T σ and define a mapping
H : E → G5,2/T
5, H(
◦
P σ × F˜σ,ij) ⊂Wσ/T
σ
by
H(x, c) = h−1σ (x, gσ,ij(c)).
Here hσ : Wσ/T
σ →
◦
P σ × Fσ is a canonical homeomorphism stated by Proposition 3.7 and
gσ,ij : F˜σ,ij → Fσ is a canonical projection stated by Corollary 9.17.
Theorem 11.1. The orbit space G5,2/T
5 is a quotient space of the space E by an equivalence
relation defined by the mapH .
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Proof. We prove that the map H is continuous and that it is a surjection. Since the space G5,2 is
Hausdorff, it will imply that the quotient space of E by the mapH and the orbit space G5,2/T
5 are
homeomorphic. The fact that the map H is continuous follows from the construction of the space
E . We verify it in a couple of illustrative cases.
Assume that we fixed theM12 and it is given a sequence (xn, cn) ∈
◦
∆5,2 ×F˜12, which converges
to a point (x0, c0) ∈
◦
K13 ×F˜13,12. Since cn = ((c1n : c
′
1n), (c2n : c
′
2n), (c3n : c
′
3n)) and c0 = ((1 :
0), (1 : 0), (c : c
′
)), we obtain that c
′
1n, c
′
2n → 0. Let pn = h
−1(xn, cn) ∈ W/T 5, then pn writes in
the chartM12 as pn = [(z1n, . . . , z6n)] and it holds c
′
1nz1nz5n = c1nz2nz4n, c
′
2nz1nz6n = c2nz3nz4n,
c
′
3nz2nz6n = c3nz3nz4n. The conditions that c
′
1n, c
′
2n → 0 and that µˆ(pn) = xn → x0 ∈
◦
K13
implies that z4n → 0. Let us consider a sequence qn in G5,2/T
5 which is given in the chartM12 by
qn = [(z1n, z2n, z3n, 0, z5n, z6n)]. Note that apart from the Plu¨cker coordinate P
13 all other Plu¨cker
coordinates for pn and qn coincide and P
13(pn) → 0 = P
13(qn). It implies that lim µˆ(qn) =
lim µˆ(pn) = lim xn = x0. The sequence qn belongs to the stratum whose admissible polytope is
K13 and h13,12(qn) = (yn, (c3n : c
′
3n)), where yn = µˆ(qn). Since h13,12 : W13/T
5 →
◦
K13 ×CP
1
A is
a homeomorphism and (yn, (c3n : c
′
3n)) → (x0, (c : c
′
)) ∈
◦
K13 ×CP
1
A, it implies that qn → p0 =
h−113,12(x0, (c : c
′
)). Then the sequence pn is convergent as well and pn → h
−1
13,12(x0, f13,12(c0)) =
H(x0, c0).
Let us consider now a sequence (xn, cn) ∈
◦
∆5,2 ×F˜12 converging to a point (x0, c0) ∈
◦
K13
(7) × F˜13,12(7). Then c0 = ((1 : 0), (1 : 0), (c : c
′
)) and, as previously, it holds c
′
1n, c
′
2n →
0. Now, if we consider the sequence pn = [(z1n, . . . , z6n)] = h(xn, cn) in the chart M12, the
condition that µˆ(pn) = xn → x0 ∈
◦
K13 (7) implies that z2n, z3n → 0. The sequence qn =
[(z1n, 0, 0, z4n, z5n, z6n)] belongs to the stratumwhose admissible polytope isK13(7) and lim µˆ(qn) =
lim µˆ(pn) = lim xn = x0. Since the space of parameters F13(7) is a point, it follows that
µ˜ : W13(7)/T
5 →
◦
K13 (7) is a homeomorphism. Therefore, as µ˜(qn) = yn → x0 ∈
◦
K13 (7)
we conclude that µ˜−1(yn) → µ˜−1(x0) = p0. It implies that the sequence pn is convergent and
pn → p0 = H(x0, c0).
Let us consider now a sequence (xn, cn) ∈
◦
∆5,2 ×F˜12 converging to a point (x0, c0) ∈
◦
O3
×F˜3,12. Then c0 = ((c1 : c
′
1), (c2 : c
′
2), (c3 : c
′
3)), where (ci : c
′
i) ∈ CP
1, i = 1, 2, and
(c3 : c
′
3) ∈ CP
1
A. Taking pn = [(z1n, . . . , z6n)] = h(xn, cn) in the chart M12, the condition
that µˆ(pn) = xn → x0 ∈
◦
O3 and that O3 is a facet of ∆5,2 implies z1n, z4n → 0. The se-
quence qn = [(0, z2n, z3n, 0, z5n, z6n)] belongs to the stratum whose admissible polytope is O3 and
lim µˆ(qn) = lim µˆ(pn) = lim xn = x0. Further, h3,12(qn) = (yn, (c3n : c
′
3n)), where yn = µˆ(qn).
Since (yn, (c3n : c
′
3n)) → (x0, (c3 : c
′
3)), we conclude that qn → h
−1
3,12(x0, (c3 : c
′
3)) = p0. There-
fore, pn → p0 = h
−1
3,12(x0, f3,12(c0)) = H(x0, c0).
Thus, H is continuous. Since G5,2/T
5 = ∪σ∈AWσ/T 5 and H(
◦
P σ ×F˜σ,ij) = Wσ/T
5, the map
H is onto, which implies that it induces a homeomorphism between the quotient space of E defined
by H and the orbit space G5,2/T
5. 
Corollary 11.2. The equivalence relation on E defined by the map H is given by the equivalence
relation on each
◦
P σ ×F˜σ,ij:
(x1, c1) ⋍ (x2, c2) if and only if x1 = x2, gσ,ij(c1) = gσ,ij(c2).
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Note that the equivalence relation ⋍ is trivial for Pσ = ∆5,2, Kij(9), Kij,kl since F˜σ,ij ∼= Fσ.
This relation is non-trivial for the octahedra Oi, pyramidsKij(7) and prisms Pij .
Corollary 11.3. The orbit space G5.2/T
5 is homeomorphic to E/ ≈ , where
(38)
(xσ1 , cσ1,ij) ⋍ (xσ2 , cσ2,ij) if and only if σ1 = σ2, xσ1 = xσ2 and gσ1,ij(cσ1,ij) = gσ2,ij(cσ2,ij).
Remark 11.4. The formula (38) is explicit. Namely, while Fσ are abstract spaces of parameters
of the strata, the spaces F˜σ,ij are explicit subspaces of F˜ which makes this formula applicable.
Theorem 9.14, Proposition 6.1, Proposition 6.2 and Proposition 6.3 provide the description of
F˜σ,12 when Pσ is an admissible polytope which belongs to the interior of ∆n,k.
Let us consider now the projection P × F˜ → ∆5,2 × F˜ . Define an equivalence relation on
∆5,2 × F˜ by
(39) (x, c1,ij) ⋍ (x, c2,ij) if and only if c1,ij , c2,ij ∈ F˜σ,ij , x ∈
◦
Pσ and gσ,ij(c1,ij) = gσ,ij(c2,ij).
It follows from (38) and (39) that there is a canonical projection from the space (P ×F˜)/ ⋍ to the
space (∆5,2 × F˜)/ ⋍. Corollary 11.3 implies
Corollary 11.5. There is a canonical continuous map G5,2/T
5 → (∆5,2 × F˜)/ ⋍, where ⋍ is an
equivalence relation defined by (39).
Example 11.6. We demonstrate the application of the formula (38) in the case of Grassmann man-
ifold G4,2 whose orbit space is described in [7]. In this case, as it follows from [7], the admissible
polytopes are the octahedron ∆4,2, the six pyramids Pi, 1 ≤ i ≤ 6, the three rectangles R12, R34,
R56 and the faces of∆4,2. We assume the numeration to be such that P1∩P2 = R12, P3∩P4 = R34
and P5 ∩ P6 = R56. It is proved in [7] that F˜12 = F12 = C \ {0, 1}. Denote by F˜12(Pσ) the vir-
tual space of parameters of an admissible polytope Pσ in the chart M12. It follows from [7] that
F˜12(P1) = F˜12(P2) = 0, F˜12(P3) = F˜12(P4) = 1, F˜12(P5) = F˜12(P6) = ∞, then F˜12(R12) = 0,
F˜12(R34) = 1 and F˜12(R56) =∞, while F˜12(PI) = CP
1 for the faces of ∆4,2. Then formula (38)
gives
G4,2/T
4 ∼= (∪I
◦
PI ×F˜ij(PI))/ ⋍,
where (xI , cI) ⋍ (xJ , cJ) if and only if I = J and xI = xJ ∈ ∂∆4,2. This can be further written
as
G4,2.T
4 ∼= (∆4,2 × CP
1)/ ⋍,
where (x, c) ⋍ (x
′
, c
′
) if and only if x = x
′
∈ ∂∆4,2, which is exactly the formula obtained in [7].
Remark 11.7. Let us consider in C5 coordinates subspaces of the dimensions k = 2, 3, 4 and
the corresponding embeddings of Gk,2 in G5,2. Since an embedding of a coordinate subspace is
equivariant for the coordinate vise action of the torus T 5 we obtain an equivariant embedding of
Gk,2 in G5,2. In this way the embeddings of the corresponding orbit spaces are defined as well.
For k = 4 we obtain the embeddings of the five 5-dimensional spheres in G5,2/T
5. Moreover, we
know how these spheres are glued together inG5,2/T
2. Any pair of these 4-dimensional coordinate
subspaces intersect each other in C5 along a coordinate subspace C3. A coordinate subspace C3
produce inG5,2 the complex projective space CP
2 = G3,2 whose orbit space, by the torus action, is
the 2-dimensional simplex. In this way, using the cell decomposition of G4,2/T
4 described in [7],
we obtain that the orbit spaces G4,2/T
4 are glued in G5,2/T
2 along the 2-dimensional simplices.
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12. THE HOMOLOGY GROUPS OF G5,2/T
5
We compute the homology groups of the orbit space G5,2/T
5 appealing to Theorem 11.1 and
results on the description of the orbit spaces of the strata, their admissible polytopes, spaces of
parameters and virtual spaces of parameters.
We first compute the top degree homology group for Gn,2/T
n for n ≥ 4. Let V2 = µ˜
−1(∪Pσ),
where Pσ runs through all admissible polytopes different from ∆5,2. Then V2 is a closed subset in
Gn,2/T
n and (G5,2/T
n) \ V2 = W/T
n is the orbit space of the main stratum. Since W/T n is a
dense set inG5,2/T
5, it follows that (Gn,2/T
n)/V2 is the Alexandrov one-point compactification of
W/T n. Recall that W/T n ∼=
◦
∆n,2 ×F and denote its one-point compactification by (
◦
∆n,2 ×F )
⋆.
Note that F is homeomorphic to CP 1A × CP
1
A, which implies that ∆5,2 × (CP
1 × CP 1) is a
compactification of
◦
∆n,2 ×F . Proposition 2.19 implies that
(
◦
∆n,2 ×Fn)
⋆ ∼= (∆5,2 × (CP
1)n−3)/((∂∆n,2 × (CP 1)n−3) ∪ (∆5,2 ×Gn)).
Using this we prove:
Theorem 12.1. The top degree homology groupH3n−7(Gn,2/T n) is isomorphic to Z.
Proof. The dimension of the space of parameters Fσ for any Pσ 6= ∆5,2 is by Proposition 2.22 less
then or equal 2n − 8. It implies that the dimension of V2 is n − 1 + 2n − 8 = 3n − 9, which
further gives that H3n−7(V2) = H3n−8(V2) = 0. Then the exact homology sequence of the pair
(Gn,2/T
n, V2) implies that H3n−7(Gn,2/T n) = H3n−7((Gn,2/T n)/V2) ∼= H3n−7((
◦
∆n,2 ×F )
⋆).
Let us consider a homology sequence of the pair (X, Y ) where X = ∆5,2 × (CP
1)n−3 and Y =
(∂∆n,2 × (CP
1)n−3) ∪ (∆5,2 × Gn). It holds that Hi(X) = 0 for i > 2n − 6, which implies that
H3n−7(X) = H3n−8(X) = 0. It follows from Proposition 2.19 that the dimension of Y is equal
to 3n − 8 and H3n−8(Y ) = Z. Then a homology sequence gives that H3n−7(X/Y ) ∼= Z, which
proves the statement. 
We proceed with the computation of the other homology groups for the case n = 5, that is for
the space G5,2/T
5. For that purpose we will consider a filtration V1 ⊂ V2 ⊂ V3 = G5,2/T
5 and
compute the corresponding relative and absolute homology group. In the course of doing this we
describe the cell decomposition of G5,2/T
5.
12.1. V1 and its homology groups. Let V1 = µˆ
−1(∂∆5,2) = ∪µ˜−1(Pσ), where the union goes
over all Pσ ∈ P such that Pσ ⊂ ∂∆5,2. In other words, V1 is the union of the orbit spaces of the
strata whose admissible polytopes belong to ∂∆5,2. The boundary ∂∆5,2 ∼= S
3 = ∪5i=1(Oi∪Ti), so
Ti and Oi, 1 ≤ i ≤ 5 provide the combinatorial decomposition of S
3. Thus, V1 ∼= ∪
5
i=1µˆ
−1(Ti) ∪
∪5i=1µˆ
−1(Oi) and we recall that µˆ−1(Ti) ∼= Ti and µˆ−1(Oi) ∼= S5 ∼= (Oi × CP 1)/ ⋍, where
∂Oi × CP
1 ⋍ ∂Oi. Therefore, there is the continuous map µˆ : V1 → S
3, but also the section
S3 → V1. On Ti this section is given by µˆ
−1, while on Oi it is given by the composition of µˆ−1
with the projection on a fixed parameter ∗ ∈ CP 1. In this way we obtain
(40) V1 = S
3 ∪ ∪5i=1(Oi × (CP
1 \ {∗}))/ ⋍, ∂Oi × (CP
1 \ {∗}) ⋍ ∂Oi.
Note that (Oi × (CP
1 \ {∗}))/ ⋍ is homeomorphic to S5 \D3, where ⋍ is a relation defined as
in (40) and ∂
◦
D3= ∂Oi ⊂ S
3. It implies that
V1/S
3 ∼= ∨5S
5.
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Lemma 12.2. The nontrivial homology groups for the space V1 are H5(V1) = Z
5 and H3(V1) =
H0(V1) = Z.
The universal coefficient theorem implies:
Corollary 12.3. The nontrivial homology groups for V1 with Z2-coefficients are H5(V1;Z2) = Z
5
2
andH3(V1;Z2) = H0(V1;Z2) = Z2.
Lemma 12.4. There is an induced action of the symmetric group S5 on the homology groups for
V1 with one orbit in each homology group.
Proof. It follows from Lemma 4.7 that the symmetric group S5 permutes the tetrahedra and per-
mutes the octahedra which means that the sphere S3 is invariant for this action. Therefore, there is
an induced action of S5 on the homology groups for V1 given as follows: it acts trivially onH3(V1)
and H0(V1), while its action onH5(V1) is induced by the permutation of the octahedra. 
12.2. V2 and its homology groups. Let V2 = ∪µ˜
−1(Pσ), where the union goes over all admissible
polytopes Pσ ∈ P , which are different from ∆5,2. Then V1 ⊂ V2 and set V21 = V2/V1. In
order to compute the homology groups for V21 we consider its filtration L1 ⊂ L2 ⊂ V21, where
subspaces L1 and L2 are given as follows. The space L2 is a projection on V21 of the union of
the orbit spaces of the strata whose admissible polytopes are different from Kij(9) and ∆5,2, that
is L2 = ∪σµ˜
−1(Pσ)/(∪σµ˜−1(Pσ) ∩ V1), where Pσ goes through admissible polytopes such that
Pσ 6= Kij(9),∆5,2. The space L1 is a projection on V21 of the union of the orbit spaces of the
strata over the admissible prisms and their faces, that is L1 == ∪
10
i=1µ˜
−1(Pi)/(∪10i=1µ˜
−1(Pi) ∩ V1)
. Recall that there are 10 prisms, the boundary of any prism belongs to ∂∆5,2 and the space of
parameters for the stratum over any prism is a point. It implies that
L1 = ∨10S
3.
It follows that the nontrivial homology groups for L1 are H3(L1) = Z
10 and H0(L1) = Z. The
universal coefficient theorem implies that the nontrivial homology groups with Z2-coefficients are
H3(L1;Z2) = Z
10
2 and H0(L1;Z2) = Z2.
Lemma 12.5. There is an action of S5 on the homology groups for L1 induced by the action of S5
on the prisms which is given by the composition of the representation of S5 in S10 and the action
of S10 which permutes the prisms.
Proof. The symmetric group S5 permutes the prisms and the corresponding strata, which implies
that S5 acts by permutations on H3(L1) and it acts trivially on H0(L1). 
It holds L1 ⊂ L2. Moreover, admissible polytopes for the strata from L2 are the prisms Pl, the
pyramids Kpq(7) and the polytopes with eight vertices Kij,kl. By Proposition 4.24 and Proposi-
tion 4.26, a facet of any of polytopesKpq(7) orKij,kl is either Pl either it belongs to ∂∆5,2. There
are altogether 25 polytopes of the types Kpq(7) or Kij,kl and the space of parameters for any of
these polytopes is a point. It implies that
L2/L1 = ∨25S
4.
It follows that the nontrivial homology groups for L2/L1 areH4(L2/L1) = Z
25 andH0(L2/L1) =
Z. Again by the universal coefficient theorem the nontrivial homology groups for L2/L1 with
Z2-coefficients are H4(L2/L1;Z2) = Z
25
2 andH0(L2/L1;Z2) = Z2.
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Lemma 12.6. There is an induced action of the symmetric group S5 on the homology groups for
L2/L1 which has two orbits .
Proof. The symmetric groups S5 permutes Kpq(7), permutes Kij,kl and the corresponding strata.
Therefore, there is an induced action of S5 onH4(L2/L1) which is given by the permutation of el-
ements which are determined byKpq(7) and by the permutation of elements which are determined
byKij,kl. Thus, there are two orbits for S5-action, one consisting of 10 elements and the other one
consisting of 15 elements. 
Lemma 12.7. The nontrivial homology groups for L2 are H4(L2) = Z
15 andH0(L2) = Z.
Proof. The exact homology sequence of the pair (L2, L1) gives directly that H1(L2) = H2(L2) =
Hi(L2) = 0 for i ≥ 5. In order to determineH3(L2) andH4(L2) we consider a cell decomposition
for L2. The three dimensional cells in this cell decomposition are given by the admissible prisms Pl
over six vertices, while the four-dimensional cells are given by the admissible polytopesKij,kl and
Kpq(7). A facet of Kpq(7) which belongs to
◦
∆5,2 is some prism Pl. It implies that the boundary
in L2 of the cell Kpq(7) consists of the three-dimensional cell Pl and a point. The number of
the pyramids Kpq(7) is 10 and it is equal to the number of the prisms Pl and, obviously, different
pyramidsKpq(7) have different prisms in their boundaries. In this way we deduce thatH3(L2) = 0.
Then the exact homology sequence implies that H4(L2) = Z
15. 
By the universal coefficient theorem it follows:
Corollary 12.8. The nontrivial homology groups for L2 with Z2-coefficients areH4(L2;Z2) = Z
15
2
andH0(L2;Z2) = Z2.
Lemma 12.9. The symmetric group S5 acts onH4(L2) by permutations and this action is induced
by the S5-action on the set {Kij,kl}.
The union K of the orbit spaces of the 10 strata over
◦
Kij (9), 1 ≤ i < j ≤ 5 is a dense set
in V21 and by Proposition 4.23, K = V21 \ L2 . It implies that K
⋆ = V21/L2 is an one-point
compactification ofK.
Recall that the orbit space of each of these strata is homeomorphic to
◦
Kij(9) ×CP
1
A, where
A = {(1 : 0), (0 : 1), (1 : 1)}.
Lemma 12.10. The one-point compactificationK⋆ij(9) of the orbit space
◦
Kij(9) ×CP
1
A in V21/L2
is given by
(41) (Kij(9)× CP
1)/ ⋍, where ∂Kij(9)× CP
1 ⋍ Kij(9)×A ⋍ ∗.
Moreover,
(42) K⋆ij(9)
∼= S6 ∨ S5 ∨ S5.
Proof. The statement follows from the observation that Kij(9) × CP
1 is a compactification of
◦
Kij(9) ×CP
1
A and (Kij(9) × CP
1) \ (
◦
Kij(9) ×CP
1
A) = (∂Kij(9) × CP
1) ∪ (Kij(9) × A).
We want to emphasize that the one-point compactification K⋆ij(9) of
◦
Kij (9) × CP
1
A in V21/L2
has an explicit geometric realization. We demonstrate it for the admissible polytope K12(9) and
due to the action of the symmetric group S5, it will then hold for any other polytope Kij(9). It
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follows from Proposition 4.23 that the boundary of the stratum over K12(9) contains the four-
dimensional strata over the polytopes K12,34, K12,35, K12,45, K34(7), K35(7) and K45(7). It holds
K12,34 ∪K34(7) = K12,35 ∪K35(7) = K12,45 ∪K45(7) = K12. Moreover, since the stratum over
K12(9) is parametrized by CP
1
A, it directly follows that the pairs (K12,34, K34(7)), (K12,35, K35(7))
and (K12, K45(7)) are parametrized by the points (1 : 0), (0 : 1) and (1 : 1), respectively. In
addition any stratum over a face of K12(9) is in the boundary of the stratum over K12(9) which
completes the proof. The second statement (42) follows from the observation that K⋆ij(9)
∼= S3 ∗
(Kij(9)× CP
1)/(Kij(9) ∗ A) ∼= S
3 ∗ (S2 ∨ S1 ∨ S1) ∼= S6 ∨ S5 ∨ S5. 
Remark 12.11. We will further use a cell decomposition forK⋆ij(9) which is for our purposes more
geometrical, that isK⋆ij(9)
∼=
◦
Kij (9)× ((S
2∨S1∨S1)\{∗})∪{∗}, which implies that the six-cell
is eij =
◦
Kij (9) × (S
2 \ {∗}), while the five-cells are f lij =
◦
Kij (9) × pl, where p1 and p2 are
non-intersecting paths in CP 1 such that p1 connects the points (0 : 1) and (1 : 1) and p2 connects
the points (1 : 1) and (1 : 0). Note that the cells eij and f
1
ij , f
2
ij represent six-dimensional and
five-dimensional cycles inK⋆ij .
It follows from (41) that
V21/L2 = ∪1≤i<j≤5(Kij(9)× CP
1)/ ⋍, where ∂Kij(9)× CP
1
⋍ Kij(9)× A ⋍ ∗.
Then (42) implies that
(43) V21/L2 ∼= (∨10S
6) ∨ (∨20S
5).
The description of the nontrivial homology groups for V21/L2 directly follows from (43):
H6(V21/L2) = Z
10, H5(V21/L2) = Z
20 and H0(V21/L2) = Z.
Remark 12.12. The symmetric group S5 acts on the set of the orbit spaces
◦
Kij (9) × CP
1
A by
permutations. We assume the expression (43) to be invariant under this action. Then there is an
induced action of S5 on the homology groups for V21/L2. Note that this action onH6(V21/L2) has
one orbit, while on H5(V21/L2) it has two orbits each of them containing 10 elements.
In order to avoid an orientation issue we compute further the homology groups with coefficients
in Z2.
Proposition 12.13. The nontrivial homology groups for V21 with Z2-coefficients are:
H6(V21;Z2) = Z
10
2 , H5(V21;Z2) = Z
5
2, H4(V21;Z2) = Z2 and H0(V21;Z2) = Z2.
Proof. Since Hi(L2) = 0 for i ≥ 5, the exact homology sequence of the pair (V21, L2) directly
implies that Hi(V21) = 0 for i ≥ 7 and H6(V21) = Z
10. In order to determine H5(V21) we
note that all five-dimensional cycles in V21 comes from V21/L2, since L2 has no five-dimensional
cells. It follows from Remark 12.11 that the five dimensional cycles in V21/L2 are of the form∑
1≤i<j≤5(α
1
ijf
1
ij + α
2
ijf
2
ij). The boundaries ∂
V21
4 f
l
ij , l = 1, 2, in V21 are four-dimensional cycles
consisting of the orbit spaces of four-dimensional strata in the boundary of the strata over
◦
Kij (9).
Note that we do not need to take care about an orientation issue since we work withZ2-coefficients.
It follows from Proposition 6.1, Proposition 6.2 and Proposition 6.3 and Theorem 9.14 that these
boundaries are as follows:
f 112 →
◦
K12,34 +
◦
K12,45 +
◦
K34 +
◦
K45, f
2
12 →
◦
K12,45 +
◦
K12,35 +
◦
K45 +
◦
K35,
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f 113 →
◦
K13,24 +
◦
K13,45 +
◦
K24 +
◦
K45, f
2
13 →
◦
K13,45 +
◦
K13,25 +
◦
K45 +
◦
K25,
f 114 →
◦
K14,23 +
◦
K14,35 +
◦
K23 +
◦
K35, f
2
14 →
◦
K14,35 +
◦
K14,25 +
◦
K35 +
◦
K25,
f 115 →
◦
K15,23 +
◦
K15,34 +
◦
K23 +
◦
K34, f
2
15 →
◦
K15,34 +
◦
K15,24 +
◦
K34 +
◦
K24,
f 123 →
◦
K15,23 +
◦
K23,45 +
◦
K15 +
◦
K45, f
2
23 →
◦
K23,45 +
◦
K14,23 +
◦
K45 +
◦
K14,
f 124 →
◦
K15,24 +
◦
K24,35 +
◦
K15 +
◦
K35, f
2
24 →
◦
K24,35 +
◦
K13,24 +
◦
K35 +
◦
K13,
f 125 →
◦
K14,25 +
◦
K25,34 +
◦
K14 +
◦
K34, f
2
25 →
◦
K25,34 +
◦
K25,13 +
◦
K34 +
◦
K13,
f 134 →
◦
K15,34 +
◦
K12,34 +
◦
K15 +
◦
K12, f
2
34 →
◦
K12,34 +
◦
K25,34 +
◦
K12 +
◦
K25,
f 135 →
◦
K14,35 +
◦
K12,35 +
◦
K14 +
◦
K12, f
2
35 →
◦
K12,35 +
◦
K24,35 +
◦
K12 +
◦
K24,
f 145 →
◦
K23,45 +
◦
K12,45 +
◦
K23 +
◦
K12, f
2
45 →
◦
K12,45 +
◦
K13,45 +
◦
K12 +
◦
K13 .
The generators forH4(L2) are by the proof of Lemma 12.7 given by gij,kl =
◦
Kij,kl +
◦
Kij (7)+
◦
Kkl
(7). In terms of these generators the above boundaries can be written as follows:
f 112 → g12,34 + g12,45, f
2
12 → g12,45 + g12,35, f
1
13 → g13,24 + g13,45, f
2
13 → g13,45 + g13,25,
f 114 → g14,23 + g14,35, f
2
14 → g14,35 + g14,25, f
1
15 → g15,23 + g15,34, f
2
15 → g15,34 + g15,24,
f 123 → g15,23 + g23,45, f
2
23 → g23,45 + g23,14, f
1
24 → g15,24 + g24,35, f
2
24 → g24,35 + g13,24,
f 125 → g14,25 + g25,34, f
2
25 → g25,34 + g25,13, f
1
34 → g15,34 + g12,34, f
2
34 → g12,34 + g25,34,
f 135 → g14,35 + g12,35, f
2
35 → g12,35 + g24,35, f
1
45 → g23,45 + g12,45, f
2
45 → g12,45 + g13,45.
Now, searching for five-dimensional cycles in V21 we consider the system:
(44) ∂V214 (
∑
1≤i<j≤5
(α1ijf
1
ij + α
2
ijf
2
ij)) =
∑
1≤i<≤5
α1ij∂
V21
4 f
1
ij +
∑
1≤i<j≤5
α2ij∂
V21
4 f
2
ij = 0.
Substituting the above expressions for the boundaries in the system (44) we obtain:
α112 + α
1
34 + α
2
34 = 0, α
1
12 + α
2
12 + α
1
45 + α
2
45 = 0, α
2
12 + α
1
35 + α
2
35 = 0, α
1
13 + α
2
24 = 0,
α113 + α
2
13 + α
2
45 = 0, α
2
13 + α
2
25 = 0, α
1
14 + α
2
23 = 0, α
1
14 + α
2
14 + α
1
35 = 0,
α214 + α
1
25 = 0, α
1
15 + α
1
23 = 0, α
1
15 + α
2
15 + α
1
34 = 0, α
2
15 + α
1
24 = 0,
α123 + α
2
23 + α
1
45 = 0, α
1
24 + α
2
24 + α
2
35 = 0, α
1
25 + α
2
25 + α
2
34 = 0.
The solution of this system is given by
α145 = α
1
13 + α
2
13, α
2
45 = α
1
12 + α
2
12 + α
1
13 + α
2
13, α
2
35 = α
2
12 + α
1
14 + α
2
14, α
1
35 = α
1
14 + α
2
14,
α234 = α
2
13 + α
2
14, α
1
34 = α
1
12 + α
2
13 + α
2
14, α
2
25 = α
2
13, α
1
25 = α
2
14, α
2
24 = α
1
13,
α124 = α
2
12 + α
1
13 + α
1
14 + α
2
14, α
2
23 = α
1
14, α
1
23 = α
1
12 + α
2
12 + α
1
13 + α
2
13 + α
1
14,
α215 = α
2
12 + α
1
13 + α
1
14 + α
2
14, α
1
15 = α
1
12 + α
2
12 + α
1
13 + α
2
13 + α
1
14,
where α112, α
2
12, α
1
13, α
2
13, α
1
14, α
2
14 are free variables. Thus, the dimension of the solution space of
this system is 6, which implies that H5(V21;Z2) = Z
6
2. It further implies that the image of the map
H5(V21/L2;Z2) → H4(L2, Z2) is Z
14
2 . Thus, if we now consider the exact homology sequence
H5(V21/L2;Z2) → H4(L2;Z2) = Z
15
2 → H4(V21,Z2) → 0 = H4(V21/L2,Z2), we deduce that
H4(V21,Z2) = Z2. Moreover, as a generator for H4(V21,Z2) can be taken any of generators gij,kl
for H4(L2).

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Proposition 12.14. The non-trivial homology groups for V2 with coefficients inZ2 areH6(V2;Z2) =
Z62, H5(V2;Z2) = Z
7
2 andH0(V2;Z2) = Z2.
Proof. Combining the exact homology sequence of the pair (V2, V1) and Lemma 12.13 we obtain
that Hi(V2;Z2) = 0 for i ≥ 7. Moreover, V2 has no cells of the dimension greater or equal then
7. The six-dimensional cycles in V2 comes from V21 since V1 has no six-dimensional cells. These
cycles are, by Remark 12.11, given by eij =
◦
Kij (9) × (S
2 \ {∗}) , where 1 ≤ i < j ≤ 5. Then
∂V25 (eij) = ∂
V21
5 (eij)+∂
V1
5 (eij) = 0+∂
V1
5 (eij). The five-dimensional cycles in V1 are cycles which
correspond to the five-spheres over the octahedra on ∂∆5,2. They represent a basis for H5(V1;Z2)
and we denote them by Si, 1 ≤ i ≤ 5. It follows from Proposition 4.23 that the boundary ofKij(9)
contains exactly the octahedra Oi and Oj . Note that, since we work with Z2-coefficients, we do
not need to take care about an orientation. We obtain that ∂V15 (eij) are as follows:
e12 → S1 + S2, e13 → S1 + S3, e14 → S1 + S4, e15 → S1 + S5,
e23 → S2 + S3, e24 → S2 + S4, e25 → S2 + S5,
e34 → S3 + S4, e35 → S3 + S5, e45 → S4 + S5.
We consider homogeneous system of five linear equations given by
(45)
∑
1≤i<j≤5
αij∂6eij =
∑
1≤i<j≤5
αij(Si + Sj) = 0,
and it can be directly checked that its solution space has the dimension 4. More precisely, the
space of solutions of this system is given by
α15 = α12 + α13 + α14, α25 = α12 + α23 + α24,
α35 = α13 + α23 + α34, α45 = α14 + α24 + α34.
where α12, α13, α14, α23, α24 and α34 are free Z2-variables.
It implies that H6(V2;Z2) ∼= Z
6
2 and that the generators for H6(V2;Z2) are given by the cycles
(46) c12 = e12 + e15 + e25, c13 = e13 + e15 + e35, c14 = e14 + e15 + e45,
c23 = e23 + e25 + e35, c24 = e24 + e25 + e45, c34 = e34 + e35 + e45.
Therefore, the quotientH5(V1;Z2)/ Im ∂5(H6(V21;Z2) is isomorphic to Z2.
Now the exact homology sequenceH6(V21;Z2)→ H5(V1;Z2)→ H5(V2;Z2)→ H5(V21;Z2) ∼=
Z62 → 0 implies that H5(V2;Z2) = Z
7
2. Further, the map Z2
∼= H4(V21;Z2) → H3(V1;Z2) ∼= Z2
is an isomorphism, since the generator for H3(V1;Z2) is given by ∂∆5,2, while the generator for
H4(V21;Z2) is given by, for example, g12,34 whose boundary is ∂∆5,2. Then the exact homology
sequence implies that H4(V2,Z2) = 0. The fact that Hi(V2;Z2) = 0 for i 6= 0, 4, 5, 6 follows also
directly from the exact homology sequence. 
Corollary 12.15. The space V21 has no torsion in homology.
Proof. By the universal coefficient formula we have that Hi(V21) = 0, 1 ≤ i ≤ 3, Hi(V2) = 0,
1 ≤ i ≤ 4,H5(V21) ∼= Z
l ⊕ Zq2, where l + q = 6 and H6(V21) = Z
l ⊕ Zq2, where l + q = 10. Then
an exact homotopy sequence of the pair (V2, V1) implies H4(V21) ∼= Z, while an exact homotopy
sequence of the pair (V21, L2) implies that H5(V21) ∼= Z
6 and H6(V21) ∼= Z
10. 
Theorem 12.16. The non-trivial homology groups of the space V2 are H6(V2) ∼= Z
5, H5(V2) ∼=
Z6 ⊕ Z2 and H0(V2) ∼= Z.
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Proof. We follow the proof of Proposition 12.14. Note that the boundary ∂V15 (eij) with integral
coefficients is the same as with Z2-coefficients. It follows from the observation that this boundary
is given by the octahedra Oi and Oj of Kij , while it is identity on the parameter space S
2 \ {∗}.
Moreover, being a facet of ∆5,2, an orientation of the octahedra Oi is given by an exterior normal
for∆5,2, so it coincides with the induced orientation fromKij for anyKij , i 6= j, sinceKij ⊂ ∆5,2.
Therefore, the 6-cycles in V2 are given by the solution of (45) with integer coefficients. The solution
space of this system has dimension 5 and it is given by
α15 = −α12 − α13 − α14, α25 = −α12 − α23 − α24,
α35 = α12 + α14 + α24, α45 = α12 + α13 + α23.
α34 = −α12 − α13 − α14 − α23 − α24,
where α12, α13, α14, α23, α24 are free integer variables. Therefore,H6(V2) ∼= Z
5 and Im ∂5(H6(V21)
is a span of S1 + S2, S1 + S3, S1 + S4, S1 + S5, S2 + S3, which coincides with a span of 2S1, S1 +
S2, S1+S3, S1+S4, S1+S5. It implies thatH5(V1)/ Im ∂5(H6(V21) ∼= Z2. Now an exact homology
sequence H6(V21) → H5(V1) → H5(V2) → H5(V21) ∼= Z
6 → 0 implies that H5(V2) = Z
6 ⊕ Z2,
which completes the proof. 
12.3. The homology groups for V3 = G5,2/T
5. We denoted by V2 the union of the orbit spaces of
the strata which are different from the main stratum. As we already pointed, V3/V2 is an one-point
compactification ofW/T 5, which implies
V3/V2 ∼= (
◦
∆5,2 ×F )
⋆ ∼= (∆5,2 × U)/(U1 ∪ U2),
U = CP 1 × CP 1, U1 = ∂∆5,2 × CP
1 × CP 1,
U2 = (∆5,2 ×A× CP
1) ∪ (∆5,2 × CP
1 × A) ∪ (∆5,2 ×∆(CP
1)).
Note that X1 = (∆5,2 × U)/U1 ∼= S
3 ∗ U . We denote by X2 the projection of U2 on X1, that is
X2 = U2/(U1 ∩ U2) ∼= S
3 ∗ U2 . We obtain that
X1/X2 ∼= (S
3 ∗ U)/(S3 ∗ U2) ∼= (S
3 ∗ (U/U2))/(S
3 ∗ {pt}).
It follows that
V3/V2 ∼= S
3 ∗ (U/U2).
Proposition 12.17. The non-trivial homology groups for V3/V2 are as follows:
H8(V3/V2) = H0(V3/V2) = Z, H7(V3/V2) = Z
5, H6(V3/V2) = Z
6.
Proof. Since H¯i(S
3 ∗ (U/U2)) = Hi−1((S3 × (U/U2))/(S3 ∨ (U/U2))), it follows that
(47) H¯i(S
3 ∗ (U/U2)) = Hi−1(S3 × (U/U2))/(Hi−1(S3)⊕Hi−1(U/U2)).
In order to compute the homology groups for U/U2, we first compute the homology groups for
U2. Let us set U2 = U3 ∪ U4 for U3 = (∆5,2 × A× CP
1) ∪ (∆5,2 × CP
1 × A) and U4 = ∆5,2 ×
∆(CP 1)). The homology groups for U3 we compute by applying the Mayer-Vietoris sequence
to the pair (CP 1 × A,A × CP 1). Since (CP 1 × A) ∩ (A × CP 1) = A × A, it follows that
Hi(U3) = Hi(CP
1 × A) ⊕ Hi(A × CP
1) for i ≥ 2. The exact sequence 0 → H1(U3) →
H0(A×A)→ H0(A×CP
1)⊕H0(CP
1×A)→ H0(U3) gives the exact sequence 0→ H1(U3)→
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Z9 → Z3 ⊕ Z3 → Z, which implies that H1(U3) ∼= Z
4. Thus, the nontrivial homology groups for
U3 are given by
(48) Hi(U3) =


Z3 ⊕ Z3, i = 2
Z4, i = 1
Z, i = 0.
Now we apply the Mayer-Vietoris sequence to the pair (U3, U4). Since U3∩U4 = ∆(A), it follows
Hi(U2) = Hi(U3) ⊕ Hi(U4) for i ≥ 2. We further obtain the exact sequence 0 → H1(U3) ⊕
H1(U4)→ H1(U2)→ H0(∆(A))→ H0(U3)⊕H0(U4)→ H0(U2)which gives the exact sequence
0 → Z4 → H1(U2) → Z
3 → Z⊕ Z→ Z. It follows that H1(U2) = Z
6. We obtain the nontrivial
homology groups for U2:
(49) Hi(U2) =


Z3 ⊕ Z3 ⊕ Z, i = 2,
Z6, i = 1,
Z, i = 0.
We consider now the exact homology sequence of the pair (U, U2). It immediately gives that
H4(U/U2) = Z. We further obtain the exact sequence 0 → H3(U/U2) → H2(U2) → H2(U) →
H2(U/U2) → H1(U2) → 0, which gives the exact sequence 0 → H3(U/U2) → Z
7 → Z2 →
H2(U/U2)→ Z
6 → 0. Note that the mapH2(U2)→ H2(U) is induced by the inclusion U2 → U .
Let us consider a cell decomposition for CP 1 = S2 which consists of the 2 two-dimensional cells
D1, D2, then the 3 one-dimensional cells I1, I2, I3 and the 3 zero-dimensional cells given by the
points from A. Then the seven generators forH2(U2) are given by (D1 ∪D2)×A, A× (D1 ∪D2)
and∆(D1∪D2), while the generators forH2(U) are given by (D1∪D2)×{∗} and {∗}×(D1∪D2),
where {∗} is a fixed point from A. It implies that the map H2(U2) → H2(U) is an epimorphism
which implies that H3(U/U2) = Z
5. The exact sequence 0 → H2(U/U2) → Z
6 → 0 implies that
H2(U/U2) = Z
6. Since all three spaces U , U2, U/U2 are connected we obtain that H1(U/U2) = 0
and H0(U/U2) = Z. Altogether the nontrivial homology groups for U/U2 are:
(50) Hi(U/U2) =


Z, i = 4,
Z5, i = 3,
Z6, i = 2,
Z, i = 0.
Together with (47) this proves the statement. 
Proof. We provide also the proof of the previous statement which is more geometrical. Let
X = ∆5,2 × CP
1 × CP 1
and
Y = (∂∆5,2 × CP
1 × CP 1) ∪ (∆5,2 ×A× CP
1) ∪ (∆5,2 × CP
1 × A).
Then
X/Y ∼= (
◦
∆5,2 ×((S
2 ∨ S1 ∨ S1) \ {∗})× ((S2 ∨ S1 ∨ S1) \ {∗})) ∪ {∗}.
It follows that
X/Y ∼= S8 ∨ (∨4S
7) ∨ (∨4S
6).
Therefore,
(51) H8(X/Y ) = Z, H7(X/Y ) = Z
4, H6(X/Y ) = Z
4, H0(X/Y ) = Z.
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Let Z = ∆5,2 ×∆(CP
1 × CP 1). Then Z ∩ Y = ∆5,2 ×∆(A). It follows that
Z/(Z ∩ Y ) = (
◦
∆5,2 ×∆(CP
1
A)) ∪ {∗},
that is
Z/(Z ∩ Y ) ∼= (
◦
∆5,2 ×((S
2 ∨ S1 ∨ S1) \ {∗})) ∪ {∗}.
Therefore,
H6(Z/(Z ∩ Y )) = Z, H5(Z/(Z ∩ Y )) = Z
2, H0(Z/(Z ∩ Y )) = Z.
Set C = Z/(Z ∩ Y ). Then V3/V2 ∼= (X/Y )/C. Using this we compute the homology groups for
V3/V2. The exact homology sequence of the pair (X/Y,C) immediately gives that
H8(X/U) = Z, H0(X/U) = 0, Hi(X/U) = 0, i = 1, 2, 3, 4, 5.
We need to computeH7((X/Y )/C) and H6((X/Y )/C). Let us consider the exact sequence:
(52) 0 = H7(C)→ Z
4 = H7(X/Y )→ H7((X/Y )/C)→ Z = H6(C)→ Z
4 = H6(X/Y )
→ H6((X/Y )/C)→ Z
2 = H5(C)→ 0 = H5(X/Y ).
The map Z4 = H7(X/Y ) → H7((X/Y )/C) is a monomorphism. The map Z = H6(C) →
Z4 = H6(X/Y ) is induced by the diagonal embedding S
2 → ((S2\{∗})×(S2\{∗}))∪{∗} ∼= S4,
so it is trivial. It follows from (52) that
H7((X/Y )/C) = Z
5.
It further implies that the map Z4 = H6(X/Y ) → H6((X/Y )/C) is a monomorphism. Since the
mapH6((X/Y )/C)→ Z
2 = H5(C) is an epimorphism it follows that
(53) H6((X/Y )/C) = Z
6.

The universal coefficient theorem implies:
Corollary 12.18. The nontrivial homology groups for V3/V2 with Z2-coefficients are as follows:
(54) H8(V3/V2;Z2) ∼= Z2, H7(V3/V2;Z2) ∼= Z
5
2, H6(V3/V2;Z2)
∼= Z62, H0(V3/V2;Z2)
∼= Z2.
Combining Proposition 12.14 and Lemma 12.17 we obtain the homology groups for G5,2/T
5
with Z2-coefficients.
Theorem 12.19. The non-trivial homology groups for V3 = G5,2/T
5 with Z2-coefficients are
(55) H0(V3;Z2) = H5(V3,Z2) = H6(V3;Z2) = H8(V3;Z2) ∼= Z2.
Proof. The exact homology sequence of the pair (V3, V2) directly implies that H8(V3;Z2) ∼=
H0(V3;Z2) ∼= Z2 andHi(V3;Z2) ∼= 0 for i 6= 5, 6, 7.
We analyze the map Z52
∼= H7(V32;Z2) → H6(V2;Z2) ∼= Z
6
2. The generator from H7(V32)
which maps in (52) to the generator in H6(C), maps to an element c∆ in H6(V2) that contains
e45. Recall that the other generators in H7(V32) are by the proof of Proposition 12.17 given by
m1l =
◦
∆5,2 ×(S
2\{∗})× (S1l \{∗}),m
2
l =
◦
∆5,2 ×(S
1
l \{∗})× (S
2 \ {∗}), l = 1, 2. These are cells
of the orbit space of the main stratum and their six-dimensional boundaries consist of the 6-cells
of the other strata whose set of parameters is in the boundary of the set of parameters of the 3-cells
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(S2\{∗})× (S1l \{∗}) and (S
1
l \{∗})× (S
2 \ {∗}) in F˜ , l = 1, 2. More precisely, since we want to
consider the six-boundaries of these cells in V3 we write them in the form
m1l =
◦
∆5,2 ×F
1
l , m
2
l =
◦
∆5,2 ×F
2
l , l = 1, 2,
where
F 1l = {((c1 : c
′
1), (φ2l : φ
′
2l), (c3 : c
′
3)), c1φ
′
2c3 = c
′
1φ2c
′
3},
F 2l = {((φ1l : φ
′
1l), (c2 : c
′
2), (c3 : c
′
3)), φ1c
′
2c3 = φ
′
1c2c
′
3},
and (φi1 : φ
′
i1) is a path in CP
1
A which connects (0 : 1) and (1 : 1), while (φi2 : φ
′
i2) is a path in
CP 1A which connects (1 : 1) and (1 : 0) for i = 1, 2.
We compute the six-dimensional boundaries of these cells in V3. Since we work with Z2-
coefficients we do not need to take care about an orientation issue. Recall that the cells in V2
of the form
◦
Kij (9)× (S
2 \ {∗}) we denoted by eij . Thus, as the six-boundaries of the cells m
k
l ,
we obtain:
m11 → e15 + e35 + e23 + e12, m
1
2 → e35 + e12 + e25 + e13,
m21 → e14 + e34 + e23 + e12, m
2
2 → e12 + e13 + e24 + e34.
Following notation from the proof of Proposition 12.14 these boundaries can be written as
(56) m11 → c12 + c23, m
1
2 → c12 + c13,
(57) m21 → c12 + c14 + c23 + c24, m
2
2 → c12 + c13 + c24 + c34.
Comparing this with (46) we see that these elements together with c∆ give five of the six generators
inH6(V2). The exact homology sequence implies that H7(V3;Z2) = 0.
The six-dimensional cycles in V3 comes either from V2 either from V3/V2. We have just proved
that five of the six non-cohomologous 6-cycles in V2 are eliminated by the 7-cells in V3, which im-
plies that one cycle for V2 survives after embedding in H6(V3). The four generators in H6(V3/V2)
correspond to the six-cells in V3/V2 of the form pkl =
◦
∆5,2 ×S
1
l × S
1
k , k, l = 1, 2. Their bound-
aries in V3 belong to V2 and they map trivially to H5(C), after restriction to C. In order to
describe the boundaries of pkl explicitly we consider them in the form pkl =
◦
∆5,2 ×p
k
l , where
pkl = {((φ1l : φ
′
1l), (φ2k : φ
′
2k), (φ : φ
′
)) ∈ (CP 1A)
3, φ1lφ
′
2kφ = φ
′
1lφ2kφ
′
} and (φij : φ
′
ij) are
as above. Therefore, following notation from the proof of Proposition 12.13, we obtain that these
generators map to the following five-cycles in V2:
◦
∆5,2 ×S
1
1 × S
1
1 → f
1
14 + f
1
23 + f
2
23 + f
1
15 + f
1
34 + f
1
35 + f
1
12 + f
2
12,
◦
∆5,2 ×S
1
1 × S
1
2 → f
2
14 + f
1
25 + f
2
34 + f
1
35 + f
1
12 + f
2
12,
◦
∆5,2 ×S
1
2 × S
1
2 → f
2
34 + f
2
35 + f
1
12 + f
2
12 + f
1
13 + f
2
13 + f
2
24 + f
2
25,
◦
∆5,2 ×S
1
2 × S
1
1 → f
2
15 + f
2
35 + f
1
34 + f
1
12 + f
2
12 + f
1
24.
These cycles represent four generators in H5(V2;Z2) = Z
7
2. The other two generators in
H6(V3/V2) are by (52) the generators whose boundaries give the generators for H5(C). Let c1 and
c2 be cycles in V2 obtained as the boundaries of these generators forH6(V3/V2) = H6((X/Y )/C),
which after restriction to C give the generators for H5(C), according to (51) and (53). Since the
generators for H5(C) are given by the cells
◦
∆5,2 ×∆(S
1
l × S
1
l ), l = 1, 2 the cycle c1 must f
1
45 as a
summand and the cycle c2 must contain f
2
45 as a summand, while f
1
45 + f
2
45 can not be contained as
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a summand in both cycles. Therefore, c1, c2 are linearly independent and they are independent with
the cycles obtained from pkl, which implies that they eliminate two more generators inH5(V2;Z2).
We obtain the exact homology sequence
0→ Z2 → H6(V3;Z2)→ H6(V3/V2;Z2) = Z
6
2 → H5(V2;Z2) = Z
7
2,
where the map Z62 → Z
7
2 is a monomorphism. It implies that H6(V3)
∼= Z2. We further obtain the
exact sequence
0→ Z2 → H5(V3;Z2)→ H5(V3/V2;Z2) ∼= 0,
which implies H5(V3;Z2) ∼= Z2. 
Theorem 12.20. The non-trivial integral homology of the orbit space V3 = G5,2/T
5 are given by
H0(V3) = H8(V3) ∼= Z and H5(V3) ∼= Z2.
Proof. The universal coefficient formula immediately implies that Hi(V3) = 0, i 6= 0, 5, 6, 8 and
that H0(V3) = H8(V3) ∼= Z. Moreover, it implies that for H5(V3) and H6(V3) two possibilities
may occur, that is either H5(V3) = H6(V3) ∼= Z either H5(V3) ∼= Z2, H6(V3) = 0. Now an exact
homology sequence of the pair (V3, V2) produces an exact sequence
Z
6 ∼= H6(V3/V2)→ H5(V2) ∼= Z
6 ⊕ Z2 → H5(V3).
Note that the torsion element in H5(V2) is represented by a cell of the form
◦
Oi ×(S
2
+ ∪ S
2
−). On
the other hand it follows from the proof of Theorem 12.19 that the six-dimensional cells in V3/V2
are either of the form
◦
∆5,2 ×S
1
l × S
1
k either the restriction of their 5-boundaries to C is of the
form
◦
∆5,2 ×∆(S
1 × S1). Therefore, the cells of the form
◦
Oi ×(S
2
+ ∪ S
2
−) do not contribute in 5-
boundaries of the six-dimensional cells from V3/V2. It implies that an image of the homomorphism
H6(V3/V2)→ H5(V2) does not contain the group Z2. It further implies that the group H5(V3) has
a torsion, that is H5(V3) ∼= Z2, which completes the proof. 
Remark 12.21. In the meantime motivated by our work the same result on homology groups for
the orbit space G5,2/T
5 is obtained in [25] using geometric invariant theory and in particular the
result that geometric invariant theory quotients for the standard linearisation of (C∗)5-action on
G5,2 are the del Pezzo surfaces of degree 5. We are very greatfull to Hendrik Suess for pointing
out to us his paper which helped us to correct some mistakes in previous calculations.
Corollary 12.22. The orbit space G5,2/T
5 is a rational homology sphere S8.
Corollary 12.23. The orbit space G5,2/T
5 is homotopy equivalent to the space obtained by at-
taching the discD8 to the space Σ4RP 2.
Proof. It follows from Theorem 12.20 that the six-skeleton for G5,2/T
5 is homotopy equivalent to
the space obtained by attaching the discD6 to S5 by a characteristic map S5 → S5 of degree 2, so
the resulting space is a 4-suspension of RP 2. Since H7(G5,2/T
5) is trivial, it follows that G5,2/T
5
is obtained by attaching the discD8 to the space Σ4RP 2. 
Let us consider now one of the five equivariant embeddingsG4,2 → G5,2 and letX = (G5,2/T
5)/(G4,2/T
4).
Since by [7], the space G4,2/T
4 is homeomorphic to S5, it follows that the space X is homeomor-
phic to (G5,2/T
5)/S5. From homology computations for G5,2/T
5 and, in particular, the proof of
Proposition 12.14 we immediately obtain:
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Theorem 12.24. The nontrivial homology groups forX are
(58) H0(X) = H6(X) = H8(X) ∼= Z.
Moreover, it holds
Corollary 12.25. The space X is homotopy equivalent either to S3 ∗ CP 2 either to S6 ∨ S8.
Proof. From our description of the cell structure of the orbit space G5,2/T
5 it follows that the 2-
skeleton of a quotient of G5,2/T
5 by the sphere S3 consists of one point, so the same holds for
the space X . The description of the homology groups for X and the Hurewitz theorem imply
that the space X is 5-connected, so it is homotopy equivalent to a CW -complex C whose 6-
skeleton is the sphere S6. Moreover, since H7(C) = 0 and H8(C) = Z, it follows that C is
homotopy equivalent to a CW -space which is obtained by attaching the disc D8 to the sphere S6
by a characteristic map f : S7 → S6. The map f is either homotopy equivalent to the trivial map
or it is homotopy equivalent to the 4-suspension of the Hopf map S3 → S2. Therefore, in the first
case X is homotopy equivalent to the wedge S6 ∨ S8, while in the second case X is homotopy
equivalent to the 4-suspension of CP 2. The two cell complexes S6 ∨ S8 and the 4-suspension of
CP 2 can be differentiated by the fact that in the first case the action of the Steenrod operation S2q
is trivial, while in the second case it is non-trivial. 
We determine an exact homotopy type for X .
Theorem 12.26. The space X = (G5,2/T
5)/S5 is homotopy equivalent to S3 ∗ CP 2.
Proof. The spacesX and ∂∆5,2∗CP
2 are simply-connected CW-spaces and have the same integral
homology groups. We will prove that there exists a continuous map h5 : X → ∂∆5,2 ∗CP
2 which
induces an isomorphism in their homology groups and then, by the Whitehead theorem, it will
follow that the map h5 is homotopy equivalence.
Since the homology groups forX are trivial in the dimensions less or equal then 5, it follows that
the 5-skeleton C of this space is contractible which implies that X/C is homotopy equivalent to
X . From the description of a cell decomposition of G5,2/T
5, it follows that the orbit spaces of the
strata, whose admissible polytopes are different from∆5,2 andKij(9), contain only the cells of the
dimension less or equal then 5. Thus, X/C contains only cells from the orbit spaces of the strata
whose admissible polytopes are ∆5,2 or Kij(9). Recall that W/T
5 ∼=
◦
∆5,2 ×F ∼=
◦
∆5,2 ×F˜12 and
Wij(9)/T
5 ∼=
◦
K ij (9)× CP
1
A
∼=
◦
Kij (9)× F˜ij,12, where by F˜12 and F˜ij,12 we denote, as previously,
the virtual spaces of parameters for these strata in the chart M12. Note that virtual spaces of
parameters are the subspaces in F˜ .
Let Z = X \ C . It is defined the map
h15 : Z → ∆5,2 × F˜ ,
by the projection on ∆5,2 and by an embedding into F˜ . Note that the image of Z by h
1
5 belongs to◦
∆5,2 ×F˜ . Moreover, the virtual spaces of parameters F˜12 and F˜ij,12 are open sets and their union
is not the whole F˜ , which implies that the image of Z is not the whole F˜ . Further, it follows from
Corollary 7.11 that F˜ is homeomorphic to a space Y which is the blowup of CP 2 at four points.
We consider the map
h25 : ∆5,2 × F˜ → ∆5,2 × CP
2,
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defined by the blowdown of F˜ at these four points. Next, we consider the projection
h35 : ∆5,2 × CP
2 → ∂∆5,2 ∗ CP
2.
We obtain the map
(59) h35 ◦ h
2
5 ◦ h
1
5 : Z → ∂∆5,2 ∗ CP
2.
Denote byD the 5-skeleton of the space ∂∆5,2 ∗CP
2 ∼= (∆5,2×CP
2)/(∂∆5,2×CP
2). ThenD is
contractible and (∂∆5,2 ∗ CP
2)/D is homotopy equivalent to ∂∆5,2 ∗CP
2. The space D contains
the cell
◦
∆5,2 ×{∗}, but since h
1
5(Z) is a strict subset of F˜ we may always choose {∗} ∈ CP
2 such
that h35 ◦ h
2
5 ◦ h
1
5(Y ) ⊂ (∂∆5,2 ∗ CP
2) \D.
In this way we obtain the map
h5 : X ∼= X/C → (∂∆5,2 ∗CP
2)/D ∼= ∂∆5,2 ∗ CP
2,
which is defined by (59) on X \ C and h5(C) = D.
We prove that the map h5 induces an isomorphism in integral homology groups. Since the spaces
X and S3 ∗ CP 2 have the nontrivial integral homology groups in degrees 0, 6, 8, it is enough to
prove that h5 induces an isomorphism of the homology groups in degree 6. From calculations of
the homology groups for G5,2/T
5 it follows that the generator for H6(X) comes from V2. More
precisely, it follows from (56), (57) and (46) that for a generator in H6(X) one can take the cycle
c12 = e12 + e15 + e25. Recall that eij are, by (41) and Remark 12.11, the six-dimensional cycles
in K∗ij(9) and they are of the form
◦
Kij (9) × F˜
′
12,ij , where F˜
′
ij,12 ⊂ F˜ij,12 and F˜
′
ij,12
∼= S2 \ {∗}.
It follows from Theorem 9.14 that the virtual spaces of parameters F˜24,12, F˜25,12, F˜23,12 and F˜12,12
after embedding them into the space Y map to the blowups of CP 2 at four points. It implies that
after blowing down Y at these four points these spaces map to the four points. The other spaces
of parameters F˜ij,12 are not affected by this blowing down. Consequently, in the six-dimensional
homology the image of the generator c12 of H6(G5,2/T
5) is given by the image of e15. It holds
that F˜15,12 = ((c1 : c
′
1), (0 : 1), (0 : 1)) ⊂ F˜ , which is equal to ((c1 : c
′
1), (1 : 0)) ∈ CP
1 × CP 1
and this is further equal to (c1 : 0 : c
′
1) ∈ CP
2. It follows that the image of e15 by the map
h5 is
◦
∆5,2 ×(c1 : 0 : c
′
1), which represents a generator for H6(∂∆5,2 ∗ CP
2). This proves the
statement. 
From Theorem 3.17 and Example 3.19 it follows the result.
Corollary 12.27. The space Σ(S5,2/T
5) is homotopy equivalent to S3 ∗ CP 2.
These results enable us also to describe the module structure of H∗(G5,2/T 5;Z2) over the mod
2 Steenrod algebra as well.
Corollary 12.28. The Steenrod square Sqi acts non-trivially on H∗(G5,2/T 5;Z2) if and only if
i = 1, 2.
Proof. It follows from the universal coefficient formula that the cohomology groups for G5,2/T
5
withZ2-coefficients coincide with itsZ2-homology groups. It immediately implies that Sq
i = 0 for
i 6= 1, 2. Moreover, being stable operation we have that Sq1 : H5(V3;Z2)→ H6(V3;Z2) coincides
with Sq1 : H1(RP 2;Z2) → H
2(RP 2;Z2). The later one is defined by squaring, so it is non-
trivial. In the same way Sq2 : H6(V3;Z2) → H
8(V3;Z2) coincides with Sq
2 : H2(CP 2;Z2) →
H4(CP 2;Z2) which is given by squaring, so it is non-trivial. 
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Altogether this leads to the homotopy description of the orbit space G5,2/T
5.
Theorem 12.29. The orbit space G5,2/T
5 is homotopy equivalent to the space X obtained by
attaching the disc D8 to the space Σ4RP 2 by the generator of the group π7(Σ
4RP 2).
Proof. Since by [28] it holds π7(Σ
4RP 2) = Z4 we need to show that G5,2/T
5 can not be obtained
by attaching the disc D8 to the space Σ4RP 2 by the map f : S7 → Σ4RP 2 of order 2. In order
to verify this we first consider the exact homotopy sequence of the pair (Σ4RP 2, S5). Note that,
as a consequence of the Blakers-Massey theorem, we have that πi(Σ
4RP 2) = πi(Σ
4RP 2/S5) for
i ≤ 7, since Σ4RP 2 is 4-connected and the inclusion S5 → Σ4RP 2 induces an isomorphism in
homotopy groups up to degree 5. Thus, since (Σ4RP 2)/S5 is homotopy equivalent to S6, the
corresponding homotopy sequence writes as
Z2 → π7(Σ
4
RP 2) ∼= Z4 → Z2 → Z2 → π6(Σ
4
RP 2) ∼= Z2 → Z,
which gives an exact sequence
Z2 → Z4 → Z2 → 0.
It follows that the element of order 2 in π7(Σ
4RP 2) is coming from π7(S
5). Now, consider a
map f : S7 → Σ4RP 2. It induces the map g : S7 → S6 given by the composition S7
f
→
Σ4RP 2 → Σ4RP 2/S5 ∼= S6. It follows from Theorem 12.26 and Corollary 12.25 that the map
g is a fourfold suspension of the Hopf map S3 → S2 and G5,2/T
5 is homotopy equivalent to
S3 ∗CP 2. If the attaching map f decomposes through a map S7 → S5
i
→ Σ4RP 2, it would imply
that (G5,2/T
5)/S5 is homotopy equivalent to S8 ∨ S6 which is not the case. 
Let ξn,k and ηn,n−k be the canonical vector bundles over the Grassmannian Gn,k and Xn,k =
T (ξn−1,k), Yn,k = T (ηn−1,n−k) - the corresponding Thom spaces equipped with the T n-action.
The problem of the description of the orbit space Gn,k/T
n naturally brings the problem of the
description of the orbit spaces for these Thom spaces. In the case n = 5 and k = 2, Corollary 2.30
and Corollary 2.31 imply:
Theorem 12.30. The orbit spaces X5,2/T
5 is homotopy equivalent to D8 ∪f Σ
4RP 2 for the gen-
erator f ∈ π7(Σ
4RP 2) , while the orbit space Y5,2/T
5 is homotopy equivalent to S3 ∗ CP 2.
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